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Preface

This volume continues the progression established in Volume I by focusing
on the applied use of wavelet transforms for practical signal and image
processing tasks. While the mathematical foundations and core discrete wavelet
framework have already been introduced, the emphasis here is on how wavelets
are used in practice—to suppress noise, compress data, extract trends, and
evaluate performance within real analytical workflows.

Wavelet-based denoising and compression are among the most widely deployed
applications of multiscale analysis. They appear in domains ranging from
speech and audio processing to sensing, imaging, and time-series analysis.
The Volume II-A, Applied Wavelet Analysis: Denoising, Trend Extraction,
and Compression presents these techniques systematically, with attention to
method selection, parameter tuning, and quantitative evaluation,
rather than purely theoretical derivation.

Throughout the book, one-dimensional signals (including time series, sensor
measurements, and speech) and two-dimensional data (such as images and
spatial fields) are treated within a unified multiresolution framework. Com-
parisons with classical and industry-standard approaches are included where
appropriate, highlighting both the strengths and limitations of wavelet-based
methods.

Rather than presenting wavelets as abstract mathematical constructs, this
volume emphasizes their role as tools within reproducible analytical
pipelines. All examples are implemented in Python and are designed to support
experimentation, validation, and adaptation to real-world applications.
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Who This Book Is For

This volume is intended for:

• Engineers and practitioners applying wavelets to denoising, trend
extraction, anomaly detection, and compression problems

• Data scientists working with time-series, sensor, speech, or image data

• Researchers seeking practical wavelet-based workflows

• Graduate students transitioning from foundational theory to applied
analysis

• Software engineers integrating wavelet methods into data processing
pipelines

Readers are expected to have prior exposure to wavelet concepts and Python
programming, such as those introduced in Volume I.

Organization of This Volume

The Volume II-A is organized into two parts, reflecting the primary data
domains encountered in applied wavelet analysis.

Part I: Wavelet Processing for 1D Signals and Time Series
This part focuses on wavelet-based denoising, compression, trend extraction,
and anomaly detection for one-dimensional signals. Emphasis is placed on
practical implementation, comparison with classical methods, and quantitative
evaluation.

Part II: Wavelet Processing for Images and Spatial Data
This part extends wavelet methods to two-dimensional data, addressing image
denoising and compression with attention to spatial structure, perceptual
quality, and reconstruction fidelity.
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Prerequisites and Computational Environment

This book assumes:

• Proficiency in Python programming

• Familiarity with NumPy, SciPy, and Matplotlib

• Prior exposure to discrete wavelet transforms

All examples rely on the Python scientific computing ecosystem, with Py-
Wavelets serving as the primary wavelet analysis library. A condensed setup
guide is provided in Chapter 0.

Shouke Wei, PhD
Deepsim Intelligence Technology Inc.
Deepsim Academy
Abbotsford, Canada
February 27, 2026
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List of Symbols

The following symbols are used throughout this volume.

Symbol Meaning Description

Wavelet
Functions
𝜓(𝑡) Mother wavelet Oscillatory, zero-mean function for

analyzing localized high-frequency
components

𝜙(𝑡) Scaling function Function representing low-frequency
approximation components

Parameters
𝑗 Scale level Discrete scale index; higher 𝑗

indicates coarser resolution
𝑘 Translation index Discrete position index
𝑡 Time variable Continuous time parameter
𝑛 Discrete index Integer index for discrete signals
Signals
𝑥(𝑡) Continuous signal Original continuous signal being

analyzed
𝑥[𝑛] Discrete signal Discrete input signal at sample index

𝑛
𝑥trend Trend signal Signal reconstructed using

approximation coefficients
𝑥denoised Denoised signal Signal reconstructed after wavelet

coefficient thresholding
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Symbol Meaning Description

𝑟 Residual / noise Difference between original and
denoised signal

Coefficients
𝐴𝑗 or 𝑐𝐴𝑗 Approximation

coefficients
Low-frequency coefficients at level 𝑗

𝐷𝑗 or 𝑐𝐷𝑗 Detail coefficients High-frequency coefficients at level 𝑗
𝐴𝐽 Coarsest

approximation
Approximation at maximum
decomposition level 𝐽

𝐷𝐽, … , 𝐷1 Detail levels Detail coefficients from coarsest to
finest scales

Decomposition
𝐽 Maximum level Deepest level of wavelet

decomposition
𝐿 Decomposition

level
Current level of wavelet
decomposition

Thresholding
𝜆 Threshold value Coefficient threshold for denoising
𝑇soft(𝑥, 𝜆) Soft thresholding Shrinks coefficients toward zero
𝑇hard(𝑥, 𝜆) Hard thresholding Sets coefficients below 𝜆 to zero
𝜎 Noise level Estimated noise standard deviation
𝑁 Signal length Number of samples or pixels
Threshold
Estimation
Universal Universal

threshold
𝜆 = 𝜎

√
2 ln 𝑁

MAD Median absolute
deviation

Robust estimator of 𝜎

Transform
Notation
DWT Discrete Wavelet

Transform
Forward wavelet decomposition

IDWT Inverse DWT Reconstruction from wavelet
coefficients
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Symbol Meaning Description

DWT2 2D Discrete
Wavelet
Transform

Two-dimensional wavelet
decomposition

IDWT2 Inverse 2D DWT Image reconstruction from 2D
coefficients

Statistical
Terms
𝜇 Mean Average value
𝜎2 Variance Measure of spread
Image
Properties
𝐷𝑟 Dynamic range Intensity span of an image
Compression
𝜎2

signal Signal variance Variance of the original signal
𝜎2

noise Noise variance Variance of reconstruction error
JPEG2000 JPEG 2000 Wavelet-based image compression

standard
Wavelet Packet
Decomposition
𝐴𝑗+1,2𝑘 WPD

approximation
node

Approximation at level 𝑗 + 1, node
2𝑘

𝐷𝑗+1,2𝑘+1 WPD detail node Detail at level 𝑗 + 1, node 2𝑘 + 1
𝑊𝑘 Node coefficients Wavelet packet coefficients at node 𝑘
𝐻(𝑊𝑘) Entropy Entropy of coefficients at node 𝑘
Evaluation
Metrics
MSE Mean squared

error
Average squared reconstruction error

PSNR Peak
signal-to-noise
ratio

Image reconstruction quality metric

XXI



SSIM Structural
similarity index

Perceptual image similarity metric
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Prerequisites and Working Environment

This volume assumes familiarity with the Python environment and reproducibil-
ity principles introduced in Volume I. Rather than repeating the full setup
procedure, this chapter summarizes the additional requirements needed to
execute the advanced wavelet methods, case studies, and examples presented
in Volume II-A.

Readers who require a complete introduction to Python setup, virtual envi-
ronments, or basic PyWavelets usage should consult Volume I, Chapter
0.

Software Requirements

All examples in this volume are implemented in Python and rely on a standard
scientific computing stack, supplemented by libraries required for advanced
wavelet transforms, signal processing, and applied data analysis.

The following packages are required to run the code examples in this volume:

• NumPy — numerical computation and array operations

• SciPy — signal processing utilities and numerical methods

• Pandas — data manipulation and time-series handling

• Matplotlib — visualization and plotting

• PyWavelets — discrete wavelet transforms and multiresolution analysis

1



• scikit-image — image and multidimensional signal processing

• scikit-learn — evaluation metrics and feature-based modeling

• yfinance — financial time-series data access

• opencv-python — image input/output and preprocessing

• requests, gdown — dataset retrieval utilities

Installation

It is recommended to use a virtual environment to isolate dependencies:

python -m venv venv
source venv/bin/activate # Linux/macOS
# or
venv\Scripts\activate # Windows

All required dependencies can then be installed using the provided
requirements.txt file:

pip install -r requirements.txt

This ensures version consistency across all chapters in this volume.

Data Access and Reproducibility

Where possible, examples in this volume use publicly available datasets (e.g.,
financial time series, sensor data). Data acquisition steps are documented
within each chapter. When external data sources are required, utilities such as
yfinance or gdown are used to automate retrieval.

2



All code examples are designed to be reproducible and self-contained. Random
seeds, preprocessing steps, and evaluation metrics are explicitly documented to
support repeatable analysis.

Scope of This Setup

This setup chapter is intentionally concise. Its purpose is to:

• Ensure readers can execute the advanced wavelet methods presented in
this volume

• Highlight additional dependencies beyond those introduced in Volume I

• Maintain consistency across applied examples and case studies

For a complete discussion of environment configuration, project structure, and
foundational tools, readers are encouraged to refer back to Volume I, Chapter
0.
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Part I

Wavelet Processing for 1D
Signals and Time Series

5





1 Wavelet-Based Denoising of
Time-Series Signals

In real-world applications, time series signals are often corrupted by noise due to
measurement errors, environmental factors, or data transmission imperfections.
This is particularly common in sensor data from accelerometers, gyroscopes,
and other IoT devices where the hardware itself introduces measurement noise,
and environmental conditions further degrade signal quality.

Wavelet-based denoising provides a powerful framework to reduce this noise
while preserving the underlying structure and important features of the signal.
Unlike traditional filtering methods that operate in the frequency domain,
wavelet denoising can adapt to local signal characteristics, making it particularly
effective for non-stationary signals.

Numerous studies have demonstrated the effectiveness of wavelet-based denois-
ing techniques across various real-world signal processing applications. For
instance, Donoho and Johnstone (1994) pioneered the use of wavelet shrinkage
for noise reduction, introducing thresholding methods that adaptively remove
noise while retaining signal features. Subsequent research has extended these
methods to handle non-stationary and multivariate time series data common in
IoT sensor streams, highlighting wavelet denoising’s ability to preserve transient
characteristics better than classical Fourier-based filters (e.g., Nason (2008)).
These findings support the growing adoption of wavelet denoising in embedded
sensing systems where real-time, robust noise suppression is critical.
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1.1 Overview

This chapter examines wavelet-based denoising methods from both theoretical
and practical perspectives. Using real-world accelerometer data, it explores
coefficient-based and thresholding approaches, evaluates their performance, and
discusses best practices for method selection and parameter tuning in applied
signal-processing tasks. It covers:

• Theoretical background on wavelet denoising
• Practical implementation using real-world accelerometer data
• Multiple denoising approaches: Approximation-based methods and thresh-

olding
• Comparative analysis of different methods
• Performance evaluation and best practices

1.2 The Concept of Wavelet Denoising

Wavelet denoising leverages the multiresolution propertiesof wavelets to sep-
arate signal from noise. The fundamental assumption is that signal features
are typically concentrated in a few large wavelet coefficients, while noise is
distributed across many small coefficients.

1.2.1 Classical Denoising Pipeline

The traditional wavelet denoising process consists of three steps:

1. Wavelet Decomposition: Transform the noisy signal into the wavelet
domain using a discrete wavelet transform (DWT)

2. Coefficient Modification: Apply thresholding or removal techniques
to suppress noise-dominated coefficients

3. Signal Reconstruction: Transform back to the time domain using the
inverse DWT
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1.2.2 Thresholding Methods

Wavelet thresholding is a key step in denoising, where high-frequency coeffi-
cients are shrunk or removed to reduce noise while preserving important signal
features.

1. Soft Thresholding Soft thresholding applies a continuous shrinkage to
wavelet coefficients, attenuating small coefficients while avoiding the disconti-
nuities introduced by hard thresholding.

𝑇soft(𝑥, 𝜆) = sign(𝑥) ⋅ max(|𝑥| − 𝜆, 0) (1.1)

• Coefficients smaller than the threshold 𝜆 are set to zero.

• Larger coefficients are reduced by 𝜆, avoiding abrupt changes and reducing
artifacts.

2. Hard Thresholding

Hard thresholding removes coefficients below the threshold and keeps the rest
unchanged:

𝑇hard(𝑥, 𝜆) =
⎧{
⎨{⎩

𝑥, |𝑥| > 𝜆

0, |𝑥| ≤ 𝜆
(1.2)

• Preserves the magnitude of large coefficients exactly.

• Can introduce discontinuities in the reconstructed signal.

3. Universal Threshold A common choice for 𝜆 is the universal threshold,
which depends on the estimated noise level 𝜎 and signal length 𝑁:

𝜆 = 𝜎̂√2 ln(𝑁) (1.3)

where 𝜎̂ is the noise standard deviation estimated from the finest-scale detail
coefficients, and 𝑁 denotes the number of samples in the original signal.
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𝜎̂ = median (|𝑑last − median(𝑑last)|)
0.6745

(1.4)

where 𝑑last represents the finest-scale wavelet detail coefficients. For zero-mean
noise, the median of 𝑑last is approximately zero, and the simplified MAD
expression is commonly used in practice.

4. Alternative Thresholding Methods

1. SURE Threshold (Stein’s Unbiased Risk Estimate)
Minimizes an estimate of the mean squared error between the denoised
and original signal. Adaptive to the data and often performs better for
small signals.

2. Bayesian Threshold
Computes 𝜆 using a Bayesian approach, often scaling with both 𝑙𝑛(𝑁)
and 𝑙𝑜𝑔2(𝑁). This provides stronger shrinkage for higher-frequency coef-
ficients.

3. BayesShrink Threshold A specific Bayesian-inspired wavelet thresh-
olding method that derives a closed-form, scale-dependent soft threshold
under a Gaussian prior, whereas Bayesian thresholding refers more broadly
to wavelet denoising approaches based on probabilistic modeling and pos-
terior inference.

4. Minimax Threshold
Designed to give near-minimax optimal performance against the worst-
case signal. Suitable for signals with unknown smoothness.

5. Approximation-Based Denoising
In some applications, it is useful to ignore all detail coefficients and recon-
struct the signal using only the last-level approximation. This produces a
very smooth trend signal, removing all high-frequency fluctuations:

𝑥trend = IDWT([𝐴𝐿, 0, 0, … , 0]) (1.5)

• 𝐴𝐿 is the approximation at the highest decomposition level.
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• Often used to extract long-term trends in financial or environmental time
series.

• Simpler than thresholding but less selective
• Effective when noise is concentrated in specific frequency bands

These thresholding methods form the foundation of wavelet denoising, allow-
ing flexible noise reduction while preserving key signal characteristics.

1.3 Real-World Data Analysis: Accelerometer Signals

We’ll demonstrate these concepts using accelerometer data from the Human
Activity Recognition dataset, which contains smartphone sensor data collected
during various activities. This data exhibits realistic noise characteristics
common in IoT applications.

1.3.1 Data Loading and Exploration

import pandas as pd
import numpy as np
import matplotlib.pyplot as plt
import pywt # PyWavelets library
from sklearn.metrics import mean_squared_error
from scipy.signal import savgol_filter # Savitzky-Golay filter
import warnings
import gdown

warnings.filterwarnings('ignore')

# -------------------------
# Configurations
# -------------------------
DATA_URL = (

"https://drive.google.com/uc?export=download"
"&id=1GtNRi9CgHOlGpsa-Dlp6uzAqXUVdEh54"

)
SAMPLING_INTERVAL = 0.2 # seconds (200 ms)
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FALLBACK_SAMPLES = 1500
RANDOM_SEED = 42

# -------------------------
# Data Loading
# -------------------------
def load_accelerometer_data():

"""
Loads running activity accelerometer data.
Attempts to fetch from remote dataset; falls back to synthetic
generation.↪

Returns:
pd.DataFrame: columns ['timestamp', 'accel_x', 'accel_clean']

"""

try:
gdown.download(DATA_URL,

"./data/posture_recognition_data.csv", quiet=False)↪

df_full = pd.read_csv("./data/posture_recognition_data.csv")
running_data = df_full[df_full['label'] == 3].copy() #

running label = 3↪

if len(running_data) > 2000:
running_data = running_data.head(2000)

timestamps = np.arange(len(running_data)) * SAMPLING_INTERVAL
accel_raw = running_data['Ax1'].values

# Moving average smoothing
accel_clean = (

pd.Series(accel_raw)
.rolling(window=5, center=True) # Rolling window
.mean()
.bfill()
.ffill()
.values

)

return pd.DataFrame({
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'timestamp': timestamps,
'accel_x': accel_raw,
'accel_clean': accel_clean

})

except Exception as e:
print(f"Could not load dataset: {e}")
print("Generating synthetic running-like accelerometer

data...")↪

np.random.seed(RANDOM_SEED)
t = np.arange(FALLBACK_SAMPLES) * SAMPLING_INTERVAL

# Simulate base running pattern
base_freq = 2.5 # Hz
signal = (

4.0 * np.sin(2 * np.pi * base_freq * t) +
0.6 * np.sin(2 * np.pi * 2 * base_freq * t) +
0.3 * np.sin(2 * np.pi * 4 * base_freq * t)

)

# Add noise components
measurement_noise = 0.05 * np.random.randn(FALLBACK_SAMPLES)
vibration_noise = 0.03 * np.random.randn(FALLBACK_SAMPLES)
high_freq_signal = 0.02 * np.sin(2 * np.pi * 20 * t)
high_freq = high_freq_signal *

np.random.randn(FALLBACK_SAMPLES)↪

spikes = np.zeros(FALLBACK_SAMPLES)
spike_indices = np.random.choice(

FALLBACK_SAMPLES,
size=FALLBACK_SAMPLES // 50,
replace=False

)
spikes[spike_indices] = np.random.randn(len(spike_indices)) *

0.2↪

noisy_signal = (
signal
+ measurement_noise
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+ vibration_noise
+ high_freq
+ spikes

)

# "Clean" version using Savitzky-Golay smoothing
clean_signal = savgol_filter(noisy_signal,

window_length=11, polyorder=3)

return pd.DataFrame({
'timestamp': t,
'accel_x': noisy_signal,
'accel_clean': clean_signal

})

# -------------------------
# Visualization
# -------------------------
def plot_accelerometer_data(df):

plt.figure(figsize=(15, 6))

plt.subplot(2, 1, 1)
plt.plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.7,

lw=1, label='Noisy Signal')
plt.plot(df['timestamp'], df['accel_clean'], 'r-', lw=2,

label='Clean Signal')
plt.title('Raw Accelerometer Data (X-axis)')
plt.ylabel('Acceleration (m/s²)')
plt.legend()
plt.grid(True, alpha=0.3)

plt.subplot(2, 1, 2)
noise = df['accel_x'] - df['accel_clean']
plt.plot(df['timestamp'], noise, 'g-', alpha=0.8)
plt.title('Noise Component')
plt.xlabel('Time (seconds)')
plt.ylabel('Noise Level')
plt.grid(True, alpha=0.3)

plt.tight_layout()
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plt.savefig('./output/accelerometer_data_plot.png', dpi=300)
plt.show()

# -------------------------
# Statistics
# -------------------------
def compute_signal_statistics(df):

"""Prints SNR and noise variance."""
noise = df['accel_x'] - df['accel_clean']
snr = 10 * np.log10(np.var(df['accel_clean']) / np.var(noise))
print(f"SNR: {snr:.2f} dB")
print(f"Noise variance: {np.var(noise):.4f}")

# -------------------------
# Main Execution
# -------------------------
if __name__ == "__main__":

print("Loading Human Posture Recognition Dataset...")
print("Sampling rate: {:.1f} Hz".format(1 / SAMPLING_INTERVAL))
print("Sensor: Invensense MPU-6050 MEMS IMU\n")

df = load_accelerometer_data()
t_min = df['timestamp'].min()
t_max = df['timestamp'].max()

print(f"Dataset shape: {df.shape}")
print(f"Time range: {t_min:.2f} to {t_max:.2f} seconds")
print(f"Duration: {t_max - t_min:.1f} seconds\n")

plot_accelerometer_data(df)
compute_signal_statistics(df)

Output:

Loading Human Posture Recognition Dataset...
Sampling rate: 5.0 Hz
Sensor: Invensense MPU-6050 MEMS IMU

Downloading...
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From: https://drive.google.com/uc?id=1GtNRi9CgHOlGpsa-Dlp6uzAqXUVdEh54
To: d:\project-workspace\jupyter-books\wavelet-book\script\data\
� posture_recognition_data.csv
100%|����������| 3.20M/3.20M [00:00<00:00, 20.2MB/s]
Dataset shape: (2000, 3)
Time range: 0.00 to 399.80 seconds
Duration: 399.8 seconds

The plot looks as follows:

Figure 1.1: Denoising a real-world accelerometer data from Human Posture
Recognition dataset, showing the noisy signal (Top) and the
smoothed signal (Bottom) using a Savitzky-Golay filter. Bottom
plot displays the noise component, calculated as the difference be-
tween the noisy and clean signals. The data spans 399.8 seconds
with a sampling rate of 5.0 Hz.

If the dataset at the specified Google Drive URL cannot be downloaded, the
code generates a synthetic accelerometer dataset, resulting in different outputs
and plots, as shown in Figure 1.1.

1.3.2 Wavelet Analysis of the Signal

# -------------------------
# Wavelet Decomposition
# -------------------------
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def analyze_wavelet_decomposition(signal, wavelet='db6', levels=5):
"""
Analyze wavelet decomposition of a signal, computing energy ratios
and↪

visualizing coefficients.

Args:
signal (np.ndarray): Input signal to decompose
wavelet (str): Wavelet type (e.g., 'db6')
levels (int): Number of decomposition levels

Returns:
tuple: (coefficients, energy_ratios)

"""
# Validate input signal
if not isinstance(signal, np.ndarray) or len(signal) < 2:

raise ValueError("Input signal must be a non-empty numpy
array")↪

# Calculate maximum decomposition levels
max_levels = pywt.dwt_max_level(len(signal), wavelet)
levels = min(levels, max_levels)
if levels < 1:

raise ValueError(
f"Signal too short for decomposition with {wavelet}. "
f" Max levels: {max_levels}"

)

# Perform wavelet decomposition
coeffs = pywt.wavedec(signal, wavelet, level=levels)

# Calculate energy at each level
energies = [np.sum(c**2) for c in coeffs]
total_energy = sum(energies)

# Avoid division by zero
if total_energy == 0:

raise ValueError("Total energy is zero, cannot compute energy
ratios")↪
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energy_ratios = [e / total_energy for e in energies]

# Print analysis
print(f"\nWavelet Decomposition Analysis ({wavelet}, {levels}

levels, "↪

f"signal length: {len(signal)}):")
print(f"{'Level':<10} {'Coefficients':<15} {'Energy %':<12} {'Max

Coeff':<12}")↪

print("-" * 55)

for i, (coeff, energy_pct) in enumerate(zip(coeffs,
energy_ratios)):↪

level_name = "Approx" if i == 0 else f"Detail {i}"
print(f"{level_name:<10} {len(coeff):<15}

{energy_pct*100:<12.2f} "↪

f"{np.max(np.abs(coeff)):<12.4f}")

# Visualize decomposition
fig, axes = plt.subplots(levels + 2, 1, figsize=(12, 2 * (levels +
2)))↪

# Ensure axes is iterable for low levels
if not isinstance(axes, np.ndarray):

axes = np.array([axes])

# Plot original signal
time = np.arange(len(signal)) * SAMPLING_INTERVAL
axes[0].plot(time, signal, 'b-', alpha=0.7)
axes[0].set_title("Original Signal")
axes[0].set_ylabel("Amplitude")
axes[0].grid(True, alpha=0.3)

# Plot approximation coefficients
coeff_time = np.linspace(0, time[-1], len(coeffs[0]))
axes[1].plot(coeff_time, coeffs[0], 'g-', alpha=0.7)
axes[1].set_title("Approximation Coefficients")
axes[1].set_ylabel("Amplitude")
axes[1].grid(True, alpha=0.3)

# Plot detail coefficients
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for i, coeff in enumerate(coeffs[1:], 1):
level_name = f"Detail Level {i}"
coeff_time = np.linspace(0, time[-1], len(coeff))
axes[i + 1].plot(coeff_time, coeff, 'r-', alpha=0.7)
axes[i + 1].set_title(f"{level_name} Coefficients")
axes[i + 1].set_ylabel("Amplitude")
axes[i + 1].grid(True, alpha=0.3)

axes[-1].set_xlabel("Time (seconds)")
plt.tight_layout()
plt.savefig(

"./output/posture_recognition_data_wavelet_"
"decomposition.png",
dpi=300

)
plt.close()

return coeffs, energy_ratios

# -------------------------
# Main Execution
# -------------------------
if __name__ == "__main__":

df = load_accelerometer_data()
plot_accelerometer_data(df)

# Analyze wavelet decomposition
signal = df['accel_x'].values
coeffs, energy_ratios = analyze_wavelet_decomposition(

signal, wavelet='db6', levels=5)

Output:

Wavelet Decomposition Analysis (db6, 5 levels, signal length: 2000):
Level Coefficients Energy % Max Coeff
-------------------------------------------------------
Approx 73 45.27 5.4691
Detail 1 73 0.27 1.0040
Detail 2 135 0.51 1.7472
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Detail 3 259 2.14 2.6519
Detail 4 508 38.13 3.1377
Detail 5 1005 13.68 1.9619

The output shows the distribution of coefficients, their energy contribution,
and the maximum coefficient value at each decomposition level.

1. Energy distribution

• Most of the signal’s energy is concentrated in the approximation level
(A5), which accounts for 45.27% of the total energy.

• The next largest contribution is from Detail 4 (38.13%), followed by
Detail 5 (13.68%).

• High-frequency details (Detail 1, Detail 2, Detail 3) together con-
tribute only about 2.9% of the total energy, indicating that the signal is
dominated by low- to mid-frequency variations rather than rapid fluctua-
tions.

2. Coefficient counts

• The number of coefficients increases at finer detail levels, with De-
tail 5 having the most (1005) due to minimal downsampling at that stage.

• The approximation level has the fewest coefficients (73) since it represents
the most compressed version of the signal.

3. Maximum coefficient magnitude

• The largest coefficient is found in the approximation level (5.4691),
suggesting that the low-frequency trend contains the most prominent
single feature.

• Detail levels generally have smaller maximum coefficients, with the high-
est among them in Detail 4 (3.1377), indicating substantial low-mid
frequency oscillatory content.
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Figure 1.2: Wavelet decomposition of accelerometer posture data using a
Daubechies6 (db6) wavelet with five decomposition levels. The
figure shows the original signal, approximation coefficients, and
detail coefficients at successive levels, along with their time-domain
representations.
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4. Overall interpretation

• This decomposition indicates a signal rich in low-frequency trend and
lower-mid frequency oscillations, with very limited high-frequency
content.

• Such a profile is typical for periodic or quasi-periodic physical
processes (e.g., gait cycles in accelerometer data, slow oscillations in
environmental sensors), where broad-scale variations carry most of the
variance and noise is minimal.

1.4 Denoising Method 1: Approximation-Based
Denoising

Approximation-based denoising is a wavelet-domain filtering approach that
suppresses high-frequency detail components without explicit coefficient thresh-
olding. It can be interpreted as an extreme case of thresholding, in which all
detail coefficients are implicitly set to zero.

This method completely removes detail coefficients at specified decomposition
levels, effectively applying a low-pass filter with wavelet-based frequency selec-
tivity. Numerous studies have demonstrated that this approach is effective in
reducing noise while preserving essential signal characteristics (e.g., Wei, Song,
and Khan (2011); Zhao et al. (2020); Yuan et al. (2022)).

def denoise_by_coefficient_removal(signal, wavelet='db6',
levels_to_remove=[]):↪

"""
Denoise by removing specific detail coefficient levels

Parameters:
- signal: input noisy signal
- wavelet: wavelet type
- levels_to_remove: list of detail levels to remove (e.g., [1, 2])
"""
# Decompose
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min_level = 5
extra_level = max(levels_to_remove) if levels_to_remove else 3
decomp_level = max(min_level, extra_level)

coeffs = pywt.wavedec(signal, wavelet, level=decomp_level)

# Remove specified detail levels
coeffs_modified = coeffs.copy()
for level in levels_to_remove:

if level < len(coeffs):
coeffs_modified[level] = np.zeros_like(coeffs[level])

# Reconstruct
denoised = pywt.waverec(coeffs_modified, wavelet)

# Trim to original length if necessary
if len(denoised) > len(signal):

denoised = denoised[:len(signal)]

return denoised

# Test different removal strategies
removal_strategies = {

'Remove D1': [1],
'Remove D1,D2': [1, 2],
'Remove D1,D2,D3': [1, 2, 3],
'Remove D2,D3': [2, 3]

}

fig, axes = plt.subplots(len(removal_strategies) + 1, 1,
figsize=(15, 3*(len(removal_strategies)+1)))

# Original signal
axes[0].plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.7,

label='Noisy')↪

axes[0].plot(df['timestamp'], df['accel_clean'], 'r-', linewidth=2,
label='Clean')↪

axes[0].set_title('Original Signal')
axes[0].legend()
axes[0].grid(True, alpha=0.3)
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# Apply different removal strategies
results_removal = {}
for idx, (strategy_name, levels) in

enumerate(removal_strategies.items(), 1):↪

denoised = denoise_by_coefficient_removal(signal,
levels_to_remove=levels)↪

results_removal[strategy_name] = denoised

mse = mean_squared_error(df['accel_clean'],
denoised[:len(df['accel_clean'])])↪

axes[idx].plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.3,
label='Noisy')↪

axes[idx].plot(df['timestamp'], denoised[:len(df)], 'g-',
linewidth=2,↪

label=f'Denoised (MSE: {mse:.4f})')
axes[idx].plot(df['timestamp'], df['accel_clean'], 'r--',
linewidth=1,↪

label='Clean')
axes[idx].set_title(f'Denoising: {strategy_name}')
axes[idx].legend()
axes[idx].grid(True, alpha=0.3)

plt.tight_layout()
plt.savefig("./output/denoising_by_coefficient_removal.png", dpi=300)
plt.show()

The visulized results are displayed in Figure 1.3.

Removing the highest-frequency detail coefficients (D1) significantly reduces
noise while preserving the main signal features. Extending removal to D2 and
D3 further smooths the signal but risks attenuating subtle oscillations, slightly
increasing distortion as indicated by the MSE values.

Selective removal of mid-frequency details (D2, D3) demonstrates a trade-off
between noise reduction and signal fidelity. This approach provides a flexible
way to denoise accelerometer data by targeting frequency bands associated
with noise without heavily affecting the underlying motion pattern.
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Figure 1.3: Wavelet Denoising by Coefficient Removal at Different Detail Levels
(db6, 5 levels). The plots show the original noisy accelerometer
signal (blue), the ground truth clean signal (red dashed), and the
denoised signals (green) after removing various detail levels: (1)
Removing only Detail 1 (highest frequency noise), (2) Removing
Details 1 and 2, (3)Removing Details 1, 2, and 3, and (4) Removing
Details 2 and 3.
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1.5 Denoising Method 2: Soft and Hard Thresholding

Thresholding methods provide more selective noise suppression by modifying
coefficients based on their magnitude rather than their scale.

def estimate_noise_threshold(signal, wavelet='db6', method='bayes'):
"""
Estimate optimal threshold for denoising

Methods:
- 'bayes': BayesShrink method
- 'sure': Stein's Unbiased Risk Estimator
- 'minimax': Minimax estimation
"""
coeffs = pywt.wavedec(signal, wavelet)

if method == 'bayes':
# Estimate noise variance from finest detail coefficients
sigma = np.median(np.abs(coeffs[-1])) / 0.6745 # MAD

estimator↪

threshold = sigma * np.sqrt(2 * np.log(len(signal)))
elif method == 'sure':

# Simplified SURE-based threshold
sigma = np.median(np.abs(coeffs[-1])) / 0.6745 # MAD

estimator↪

threshold = sigma * np.sqrt(2 * np.log(len(signal))) * 0.8
else: # minimax

threshold = np.std(signal) * 0.3

return threshold

def wavelet_threshold_denoise(signal, wavelet='db6', threshold=None,
mode='soft'):↪

"""
Denoise using wavelet thresholding

Parameters:
- signal: input signal
- wavelet: wavelet type
- threshold: threshold value (auto-estimated if None)
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- mode: 'soft' or 'hard' thresholding
"""
# Decompose
coeffs = pywt.wavedec(signal, wavelet, level=5)

# Estimate threshold if not provided
if threshold is None:

threshold = estimate_noise_threshold(signal, wavelet)

# Apply thresholding to detail coefficients only
coeffs_thresh = [coeffs[0]] # Keep approximation coefficients
unchanged↪

for i in range(1, len(coeffs)):
coeffs_thresh.append(pywt.threshold(

coeffs[i],
threshold,
mode=mode

))

# Reconstruct
denoised = pywt.waverec(coeffs_thresh, wavelet)

# Trim to original length
if len(denoised) > len(signal):

denoised = denoised[:len(signal)]

return denoised, threshold

# Compare different thresholding approaches
threshold_methods = ['bayes', 'sure', 'minimax']
thresholding_modes = ['soft', 'hard']

results_threshold = {}
threshold_values = {}

fig, axes = plt.subplots(len(threshold_methods) *
len(thresholding_modes), 1,↪

figsize=(15,
4*len(threshold_methods)*len(thresholding_modes)))↪
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plot_idx = 0
for method in threshold_methods:

for mode in thresholding_modes:
# Auto-estimate threshold
threshold = estimate_noise_threshold(signal, method=method)

# Apply denoising
denoised, actual_threshold = wavelet_threshold_denoise(

signal, threshold=threshold, mode=mode
)

method_name = f"{method.title()}-{mode.title()}"
results_threshold[method_name] = denoised
threshold_values[method_name] = actual_threshold

# Calculate performance metrics
mse = mean_squared_error(df['accel_clean'],

denoised[:len(df['accel_clean'])])

# Plot
axes[plot_idx].plot(df['timestamp'], df['accel_x'],

'b-', alpha=0.3, label='Noisy')
axes[plot_idx].plot(df['timestamp'], denoised[:len(df)],

'g-', linewidth=2,
label=f'Denoised (�={actual_threshold:.3f},
MSE: {mse:.4f})')

axes[plot_idx].plot(df['timestamp'], df['accel_clean'],
'r--', linewidth=1, label='Clean')

axes[plot_idx].set_title(f'Thresholding: {method_name}')
axes[plot_idx].legend()
axes[plot_idx].grid(True, alpha=0.3)

plot_idx += 1

plt.tight_layout()
plt.savefig("./output/denoising_by_thresholding.png", dpi=300)
plt.show()

# Print threshold values for comparison

28



print("Estimated Threshold Values:")
for method, threshold in threshold_values.items():

print(f"{method:<15}: {threshold:.4f}")

This comparison (Figure 1.4) highlights the trade-offs between threshold es-
timation techniques and thresholding types in balancing noise reduction and
signal fidelity. The comparison results are as follows:

Estimated Threshold Values:
Bayes-Soft : 2.8433
Bayes-Hard : 2.8433
Sure-Soft : 2.2746
Sure-Hard : 2.2746
Minimax-Soft : 0.2868
Minimax-Hard : 0.2868

1.5.1 Analysis of Estimated Threshold Values and Denoising Results

• Threshold Magnitudes:
The BayesShrink method produces the highest threshold (~2.84), fol-
lowed by SURE (~2.27), with Minimax yielding a much lower threshold
(~0.29).

• Interpretation of Threshold Levels:

∘ Higher thresholds (Bayes, SURE) aggressively suppress wavelet
coefficients below the threshold, leading to stronger noise removal
but a higher risk of attenuating small but important signal features.

∘ The lower Minimax threshold results in milder shrinkage, pre-
serving more signal detail but potentially leaving more residual noise.

• Soft vs. Hard Thresholding:

∘ Both soft and hard thresholding methods use the same estimated
thresholds, but differ in how coefficients near the threshold are
handled:
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Figure 1.4: Wavelet denoising results using db6 wavelets (5 levels) with
BayesShrink, SURE, and Minimax threshold estimation under soft
and hard thresholding. Each subplot shows the noisy signal, de-
noised output, and clean reference, with optimal thresholds (𝜆) and
MSE reported in the legend.
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⋅ Soft thresholding shrinks coefficients gradually toward zero,
resulting in smoother denoised signals with fewer artifacts.

⋅ Hard thresholding sets coefficients below the threshold exactly
to zero, which can preserve sharper features but sometimes
introduce discontinuities or artifacts.

• Effect on Signal Quality (Based on MSE & Visual Inspection):

∘ BayesShrink’s higher threshold combined with soft thresholding
typically yields the best balance between noise reduction and signal
preservation, resulting in the lowest MSE.

∘ SURE provides a slightly lower threshold, which might retain more
subtle signal components but may leave some noise behind.

∘ Minimax’s very low threshold causes minimal modification to the
signal, leading to less noise removal and higher MSE, though signal
details are best preserved.

• Practical Implication:

∘ For your accelerometer data, where low-frequency and mid-frequency
components dominate, using BayesShrink with soft thresholding
is recommended for effective denoising with minimal signal distortion.

∘ However, if retaining subtle motion features is critical, SURE or
Minimax approaches with soft thresholding may be preferable despite
some noise trade-off.

1.6 Adaptive Thresholding and Advanced Techniques

For more sophisticated denoising, we can implement level-dependent threshold-
ing and hybrid approaches.
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def adaptive_threshold_denoise(signal, wavelet='db6',
base_threshold=None):↪

"""
Apply level-dependent thresholding for better preservation of
signal features↪

"""
coeffs = pywt.wavedec(signal, wavelet, level=5)

if base_threshold is None:
base_threshold = estimate_noise_threshold(

signal, method='bayes')

# Apply different thresholds for different levels
coeffs_thresh = [coeffs[0]] # Keep approximation

for i in range(1, len(coeffs)):
# Reduce threshold for coarser scales (preserve important

features)↪

level_threshold = base_threshold * (0.8 **
(len(coeffs) - i))

coeffs_thresh.append(pywt.threshold(coeffs[i],
level_threshold, mode='soft'))

denoised = pywt.waverec(coeffs_thresh, wavelet)

if len(denoised) > len(signal):
denoised = denoised[:len(signal)]

return denoised

def hybrid_denoise(signal, wavelet='db6'):
"""
Combine coefficient removal and thresholding for optimal results
"""
# Step 1: Remove highest frequency detail (often pure noise)
coeffs = pywt.wavedec(signal, wavelet, level=5)
coeffs[1] = np.zeros_like(coeffs[1]) # Remove D1

# Step 2: Apply soft thresholding to remaining details
threshold = estimate_noise_threshold(signal,
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method='bayes') * 0.5
for i in range(2, len(coeffs)):

coeffs[i] = pywt.threshold(coeffs[i], threshold, mode='soft')

denoised = pywt.waverec(coeffs, wavelet)

if len(denoised) > len(signal):
denoised = denoised[:len(signal)]

return denoised

# Apply advanced methods
adaptive_result = adaptive_threshold_denoise(signal)
hybrid_result = hybrid_denoise(signal)

# Visualize results
fig, axes = plt.subplots(3, 1, figsize=(15, 12))

# Original comparison
axes[0].plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.5,

label='Noisy Signal')↪

axes[0].plot(df['timestamp'], df['accel_clean'], 'r-', linewidth=2,
label='Clean Signal')

axes[0].set_title('Original Signals')
axes[0].legend()
axes[0].grid(True, alpha=0.3)

# Adaptive thresholding
mse_adaptive = mean_squared_error(df['accel_clean'],

adaptive_result[:len(df['accel_clean'])])
axes[1].plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.3,

label='Noisy')↪

axes[1].plot(df['timestamp'], adaptive_result[:len(df)],
'g-', linewidth=2,
label=f'Adaptive Threshold (MSE: {mse_adaptive:.4f})')

axes[1].plot(df['timestamp'], df['accel_clean'], 'r--', linewidth=1,
label='Clean')↪

axes[1].set_title('Adaptive Thresholding')
axes[1].legend()
axes[1].grid(True, alpha=0.3)
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# Hybrid approach
mse_hybrid = mean_squared_error(df['accel_clean'],

hybrid_result[:len(df['accel_clean'])])
axes[2].plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.3,

label='Noisy')↪

axes[2].plot(df['timestamp'], hybrid_result[:len(df)], 'purple',
linewidth=2, label=f'Hybrid Method (MSE: {mse_hybrid:.4f})')

axes[2].plot(df['timestamp'], df['accel_clean'], 'r--', linewidth=1,
label='Clean')↪

axes[2].set_title('Hybrid Denoising (Removal + Thresholding)')
axes[2].legend()
axes[2].grid(True, alpha=0.3)

plt.tight_layout()
plt.show()

• Adaptive Thresholding%% : applies level-dependent thresholds to
better preserve important features across scales.

• Hybrid Method: combines removal of the highest-frequency detail
coefficients (D1) with soft thresholding on remaining details.

Both methods improve noise reduction while maintaining signal fidelity, with
the adaptive thresholding approach achieving the lowest mean squared
error (MSE), indicating superior denoising performance for complex real-world
signals.

1.7 Performance Evaluation and Comparison

Let’s systematically evaluate all methods using multiple metrics to determine
the best approach for different scenarios.

def calculate_metrics(clean_signal, denoised_signal):
"""
Calculate comprehensive performance metrics
"""
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Figure 1.5: Advanced Wavelet Denoising Techniques for Accelerometer Data
(db6, 5 Levels). The figure compares the noisy signal (blue), the
clean reference (red dashed), and denoised signals using two ad-
vanced methods: adaptive thresholding and hybrid method.
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# Ensure same length
min_len = min(len(clean_signal), len(denoised_signal))
clean = clean_signal[:min_len]
denoised = denoised_signal[:min_len]

# Mean Squared Error
mse = mean_squared_error(clean, denoised)

# Signal-to-Noise Ratio improvement
noise_original = signal[:min_len] - clean
noise_denoised = denoised - clean

snr_original = 10 * np.log10(np.var(clean) /
np.var(noise_original))↪

snr_denoised = 10 * np.log10(np.var(clean) /
np.var(noise_denoised))↪

snr_improvement = snr_denoised - snr_original

# Correlation coefficient
correlation = np.corrcoef(clean, denoised)[0, 1]

# Percent Root Mean Square Difference
prms = 100 * np.sqrt(mse) / np.std(clean)

return {
'MSE': mse,
'SNR_improvement_dB': snr_improvement,
'Correlation': correlation,
'PRMS_%': prms

}

# Collect all results for comparison
all_methods = {

'Remove D1': results_removal['Remove D1'],
'Remove D1,D2': results_removal['Remove D1,D2'],
'Bayes-Soft': results_threshold['Bayes-Soft'],
'Sure-Soft': results_threshold['Sure-Soft'],
'Bayes-Hard': results_threshold['Bayes-Hard'],
'Adaptive': adaptive_result,
'Hybrid': hybrid_result
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}

# Evaluate all methods
results_comparison = {}
for method_name, denoised_signal in all_methods.items():

metrics = calculate_metrics(df['accel_clean'], denoised_signal)
results_comparison[method_name] = metrics

# Create comparison table
comparison_df = pd.DataFrame(results_comparison).T
comparison_df = comparison_df.round(4)

print("Performance Comparison of Denoising Methods:")
print("=" * 70)
print(comparison_df)

# Visualize comparison
fig, axes = plt.subplots(2, 2, figsize=(15, 10))

metrics = ['MSE', 'SNR_improvement_dB', 'Correlation', 'PRMS_%']
for i, metric in enumerate(metrics):

ax = axes[i//2, i%2]
values = comparison_df[metric].values
methods = comparison_df.index

colors = plt.cm.viridis(np.linspace(0, 1, len(methods)))
bars = ax.bar(range(len(methods)), values, color=colors)
ax.set_xticks(range(len(methods)))
ax.set_xticklabels(methods, rotation=45, ha='right')
ax.set_title(f'{metric}')
ax.grid(True, alpha=0.3)

# Highlight best performance
if metric in ['SNR_improvement_dB', 'Correlation']:

best_idx = np.argmax(values)
else:

best_idx = np.argmin(values)
bars[best_idx].set_color('red')
bars[best_idx].set_alpha(0.8)
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plt.tight_layout()
plt.show()

# Find best method for each metric
print("\nBest Method for Each Metric:")
print("-" * 40)
for metric in metrics:

if metric in ['SNR_improvement_dB', 'Correlation']:
best_method = comparison_df[metric].idxmax()
best_value = comparison_df[metric].max()

else:
best_method = comparison_df[metric].idxmin()
best_value = comparison_df[metric].min()

print(f"{metric:<20}: {best_method} ({best_value:.4f})")

Output:

Performance Comparison of Denoising Methods:
================================================================

MSE SNR_improvement_dB Correlation PRMS_%
Remove D1 0.9093 -0.0137 0.1091 477.5866
Remove D1,D2 0.9123 -0.0283 0.0857 478.3873
Bayes-Soft 0.0358 14.0307 0.3184 94.8072
Sure-Soft 0.0364 13.9584 0.3347 95.5996
Bayes-Hard 0.0768 10.7218 0.1690 138.7655
Adaptive 0.0511 12.4911 0.2953 113.1934
Hybrid 0.0916 9.9563 0.2361 151.5502

Analysis:

• MSE (Mean Squared Error): Lower MSE indicates better signal
recovery. The Bayes-Soft and Sure-Soft thresholding methods% % %
achieve the lowest MSE (~0.036), significantly outperforming simple
coefficient removal strategies% and hybrid methods. achieve the lowest
MSE (~0.036), significantly outperforming simple coefficient removal
strategies and hybrid methods.
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• SNR Improvement (dB): Bayes-Soft and Sure-Soft also provide the
highest SNR improvement (~14 dB), showing strong noise suppression
capabilities.

• Correlation: Correlation with the clean signal is highest for Sure-Soft
(0.335) and Bayes-Soft (0.318), indicating better preservation of signal
structure.

• PRMS (%) (Percent Root-Mean-Square Error): Lower PRMS
means closer similarity to the clean signal. Bayes-Soft and Sure-Soft
methods again rank best (~95%), while simple removal methods have
very high PRMS (~478%), indicating poor denoising.

• Approximation-Based Methods (Remove D1, Remove D1,D2):
These yield poor results with high MSE, negative SNR improvement
(worse noise conditions), low correlation, and very large PRMS values,
indicating that removing detail coefficients alone is insufficient and may
degrade signal quality.

• Adaptive Thresholding: Offers a good balance with moderate MSE
(0.051) and decent SNR improvement (~12.5 dB), preserving more signal
features while reducing noise.

• Hybrid Method: Surprisingly shows higher MSE and lower SNR im-
provement compared to soft-threshold methods, possibly due to over-
aggressive coefficient removal combined with thresholding.

Summary: Soft thresholding methods with Bayesian or SURE-based threshold
estimation provide the best overall denoising performance for the accelerometer
data, offering significant noise reduction and signal fidelity. Adaptive threshold-
ing is a good alternative when feature preservation is critical. Simple coefficient
removal or hard thresholding methods generally perform worse.

Output:

Best Method for Each Metric:
----------------------------------------
MSE : Bayes-Soft (0.0358)
SNR_improvement_dB : Bayes-Soft (14.0307)
Correlation : Sure-Soft (0.3347)
PRMS_% : Bayes-Soft (94.8072)
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Figure 1.6: Comparison of denoising performance metrics (MSE, SNR improve-
ment, correlation, and PRMS). Bayes-Soft and Sure-Soft achieve
the lowest MSE (~0.036) and highest SNR improvement (~14 dB),
indicating effective noise suppression. These methods also show the
strongest correlation with the clean signal and the lowest PRMS
(~95%), reflecting superior signal preservation compared with simple
coefficient removal and hybrid approaches.
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Analysis:

• Bayes-Soft thresholding stands out as the overall best method, achiev-
ing the lowest Mean Squared Error (MSE), the highest Signal-to-Noise
Ratio (SNR) improvement, and the best PRMS percentage, indicating
superior noise reduction and close matching to the clean signal.

• Sure-Soft thresholding shows the highest correlation with the clean
signal, suggesting it preserves the signal’s structural features slightly
better than Bayes-Soft, although its MSE and SNR improvement are very
close.

• The close performance of Bayes-Soft and Sure-Soft methods reflects their
effectiveness as adaptive, data-driven threshold estimators in wavelet
denoising.

• These results confirm that soft thresholding combined with statis-
tically sound threshold estimation is critical for optimal denoising
in accelerometer data, balancing noise suppression with signal detail
preservation.

1.8 Practical Implementation Function

Based on my analysis, here’s a practical denoising function optimized for
real-world sensor data:

def optimal_wavelet_denoise(data, wavelet='db6', method='adaptive',
**kwargs):↪

"""
Optimized wavelet denoising function for sensor data

Parameters:
- data: input time series (1D array or pandas Series)
- wavelet: wavelet type ('db6' recommended for sensor data)
- method: 'adaptive', 'hybrid', 'soft_threshold',
'hard_threshold',↪

'remove_details'
- **kwargs: additional parameters for specific methods
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Returns:
- denoised signal, estimated noise level, method details
"""

# Convert to numpy array if pandas Series
if hasattr(data, 'values'):

signal = data.values
else:

signal = np.array(data)

# Estimate noise level
coeffs = pywt.wavedec(signal, wavelet, level=5)
noise_estimate = np.median(np.abs(coeffs[-1])) / 0.6745 # MAD
estimator↪

if method == 'adaptive':
# Adaptive level-dependent thresholding
base_threshold = (noise_estimate *

np.sqrt(2 * np.log(len(signal))) * 0.8
coeffs_thresh = [coeffs[0]])

for i in range(1, len(coeffs)):
level_threshold = base_threshold * (0.7 **

(len(coeffs) - i))
coeffs_thresh.append(pywt.threshold(coeffs[i],

level_threshold, mode='soft'))

denoised = pywt.waverec(coeffs_thresh, wavelet)
details = f"Base threshold: {base_threshold:.4f}"

elif method == 'hybrid':
# Remove highest frequency + threshold others
coeffs[1] = np.zeros_like(coeffs[1]) # Remove D1
threshold = noise_estimate * np.sqrt(2 *

np.log(len(signal))) * 0.4

for i in range(2, len(coeffs)):
coeffs[i] = pywt.threshold(coeffs[i], threshold,

mode='soft')
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denoised = pywt.waverec(coeffs, wavelet)
details = f"Threshold: {threshold:.4f}, Removed D1"

elif method == 'soft_threshold':
threshold = kwargs.get(

'threshold',
noise_estimate * np.sqrt(2 * np.log(len(signal)))

)
coeffs_thresh = [coeffs[0]]

for i in range(1, len(coeffs)):
coeffs_thresh.append(pywt.threshold(coeffs[i], threshold,

mode='soft'))↪

denoised = pywt.waverec(coeffs_thresh, wavelet)
details = f"Threshold: {threshold:.4f}"

elif method == 'remove_details':
levels_to_remove = kwargs.get('levels', [1, 2])
coeffs_modified = coeffs.copy()

for level in levels_to_remove:
if level < len(coeffs):

coeffs_modified[level] = np.zeros_like(coeffs[level])

denoised = pywt.waverec(coeffs_modified, wavelet)
details = f"Removed levels: {levels_to_remove}"

else:
raise ValueError(f"Unknown method: {method}")

# Trim to original length
if len(denoised) > len(signal):

denoised = denoised[:len(signal)]

return denoised, noise_estimate, details

# Example usage
denoised_optimal, noise_level, method_info = optimal_wavelet_denoise(

df['accel_x'], method='adaptive'
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)

print(f"Estimated noise level: {noise_level:.4f}")
print(f"Method details: {method_info}")

# Final comparison plot
plt.figure(figsize=(15, 8))
plt.subplot(2, 1, 1)
plt.plot(df['timestamp'], df['accel_x'], 'b-', alpha=0.6, label='Noisy

Signal')↪

plt.plot(df['timestamp'], denoised_optimal, 'g-', linewidth=2,
label='Optimally Denoised')↪

plt.plot(df['timestamp'], df['accel_clean'], 'r--', linewidth=2,
label='Ground Truth')↪

plt.title('Optimal Denoising Result')
plt.ylabel('Acceleration')
plt.legend()
plt.grid(True, alpha=0.3)

plt.subplot(2, 1, 2)
plt.plot(df['timestamp'], df['accel_x'] - df['accel_clean'], 'b-',

alpha=0.6,label='Original Noise')↪

plt.plot(df['timestamp'], denoised_optimal - df['accel_clean'], 'g-',
linewidth=2, label='Residual Noise')↪

plt.title('Noise Reduction Analysis')
plt.xlabel('Time (seconds)')
plt.ylabel('Noise Level')
plt.legend()
plt.grid(True, alpha=0.3)

plt.tight_layout()
plt.show()

# Final performance metrics
final_metrics = calculate_metrics(df['accel_clean'], denoised_optimal)
print(f"\nOptimal Method Performance:")
for metric, value in final_metrics.items():

print(f"{metric}: {value:.4f}")

Output:
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Estimated noise level: 0.7292
Method details: Base threshold: 2.2746

Figure 1.7: Optimal Wavelet Denoising Using Adaptive Level-Dependent
Thresholding. The adaptive denoising method applied here es-
timates the noise level as 0.7292, with a calculated base threshold
of 2.2746. Performance metrics indicate moderate improvement
over the noisy signal.

• MSE: 0.1443 — higher than Bayes-Soft (~0.036), suggesting less accurate
recovery.

• SNR Improvement: 7.98 dB — indicates noticeable noise suppression,
though below the top-performing Bayes and Sure methods (~14 dB).

• Correlation: 0.2504 — shows moderate preservation of signal structure.

• PRMS%: 190.25% — higher than optimal methods (~95%), meaning
more deviation from the clean signal remains.

Overall, while adaptive level-dependent thresholding offers better preservation
of signal features compared to simple coefficient removal, it does not outperform
the Bayes-Soft or Sure-Soft approaches in accuracy or noise reduction.

45



Optimal Method Performance:
MSE: 0.1443
SNR_improvement_dB: 7.9809
Correlation: 0.2504
PRMS_%: 190.2503

1.9 Applications and Use Cases

Wavelet denoising has proven effective across numerous domains:

1.9.1 Biomedical Signals

• ECG signals: Remove baseline drift and high-frequency noise while
preserving QRS complexes

• EEG signals: Extract neural oscillations from artifacts and measurement
noise

• EMG signals: Isolate muscle activation patterns from motion artifacts

1.9.2 Industrial IoT and Sensor Networks

• Vibration monitoring: Detect machinery faults by cleaning accelerom-
eter data

• Environmental sensing: Process temperature, humidity, and air quality
measurements

• Structural health monitoring: Clean strain gauge and displacement
sensor data

1.9.3 Financial Time Series

• Stock price data: Remove market microstructure noise while preserving
price trends

• High-frequency trading: Clean tick-by-tick data for algorithmic trading
systems

• Economic indicators: Process noisy economic time series for forecasting
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1.9.4 Geophysical and Environmental Data

• Seismic signals: Enhance earthquake detection and characterization
• Weather data: Clean meteorological measurements for climate analysis
• Oceanographic data: Process wave height and current measurements

1.10 Best Practices and Guidelines

Based on my comprehensive analysis, here are key recommendations for effective
wavelet denoising:

1.10.1 Wavelet Selection

def recommend_wavelet(signal_characteristics):
"""
Recommend optimal wavelet based on signal characteristics
"""
recommendations = {

'smooth_transients': 'db8', # Biomedical signals, smooth
variations↪

'sharp_features': 'haar', # Digital signals, step
changes↪

'oscillatory': 'db4', # General oscillatory signals
'sensor_data': 'db6', # IoT sensor data,

accelerometers↪

'financial': 'coif4', # Financial time series
'seismic': 'db10' # Geophysical data

}

return recommendations.get(signal_characteristics, 'db6')

# Example wavelet comparison for our accelerometer data
wavelets_to_test = ['haar', 'db4', 'db6', 'db8', 'coif2', 'bior2.2']
wavelet_performance = {}

for wavelet in wavelets_to_test:
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try:
denoised, _, _ = optimal_wavelet_denoise(

df['accel_x'],
wavelet=wavelet,
method='adaptive'

)
metrics = calculate_metrics(df['accel_clean'], denoised)
wavelet_performance[wavelet] = metrics[

'SNR_improvement_dB']
except:

wavelet_performance[wavelet] = -999 # Mark failed wavelets

print("Wavelet Performance Comparison (SNR Improvement):")
for wavelet, snr in sorted(

wavelet_performance.items(),
key=lambda x: x[1],
reverse=True

):
if snr > -999:

print(f"{wavelet:<8}: {snr:>8.3f} dB")

Output:

Wavelet Performance Comparison (SNR Improvement):
haar : 11.771 dB
coif2 : 9.252 dB
db6 : 7.981 dB
db4 : 7.894 dB
db8 : 7.349 dB
bior2.2 : 6.887 dB

Analysis:

1. Haar Wavelet (11.771 dB)

• Achieves the highest SNR improvement among all tested wavelets.
• Haar is the simplest and shortest wavelet with only one vanishing

moment, performing a stepwise approximation.
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• Its superior performance suggests the denoised signal or noise char-
acteristics match well with Haar’s piecewise constant basis.

• Well-suited for signals with abrupt changes or piecewise constant
segments.

• Computationally efficient.

2. Coiflet 2 (coif2) (9.252 dB)

• Second best in SNR improvement.
• Designed to preserve polynomial behavior with both scaling and

wavelet functions having vanishing moments.
• Good at capturing smooth features and local polynomial trends.
• Significantly better than most Daubechies wavelets here.

3. Daubechies Wavelets (db4, db6, db8)

• db6 and db4 have similar improvements (~7.9 dB); db8 is slightly
lower (~7.3 dB).

• Compactly supported wavelets with varying vanishing moments
(db4:4, db6:6, db8:8).

• Balance time-frequency localization, good for smooth signals.
• Longer filters (db8) may cause over-smoothing or mismatch with

the signal/noise characteristics.

4. Biorthogonal Wavelet (bior2.2) (6.887 dB)

• Lowest SNR improvement among tested wavelets.
• Symmetric wavelet and scaling functions allowing perfect reconstruc-

tion.
• Less effective for denoising in this specific case.

Overall Observations:

• Simplicity vs. Complexity: Haar wavelet’s simplicity led to the best
denoising result, likely because the signal contains abrupt changes or
noise fits its basis well.

• Signal-Dependent Performance: Wavelet denoising effectiveness de-
pends heavily on signal and noise types.
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• Longer Filters Don’t Guarantee Better Performance: Increasing
vanishing moments or filter length may lead to over-smoothing or poor
noise separation.

• Wavelet Choice Should Match Signal Characteristics: Haar or
Coiflets for piecewise smooth signals; Daubechies for smooth, oscillatory
signals.

Recommendation:

• Use Haar wavelet as the first choice for this denoising task.
• Consider Coif2 if smoother basis functions or better reconstruction

properties are required.
• Experiment with wavelet packet transforms or adaptive thresholding for

potentially improved denoising performance.

1.10.2 Parameter Selection Guidelines

def parameter_selection_guide():
"""
Guidelines for selecting denoising parameters
"""
guidelines = {

'decomposition_levels': {
'rule': 'log2(signal_length)',
'practical_range': '3-8 levels',
'note': 'More levels for longer signals, fewer for short

bursts'↪

},
'threshold_estimation': {

'bayes_shrink': 'Good for signals with unknown noise
variance',↪

'sure': 'Optimal for Gaussian noise with known
characteristics',↪

'minimax': 'Conservative approach, good for preserving
features'↪

},
'thresholding_mode': {

50



'soft': 'Smoother results, better for continuous signals',
'hard': 'Preserves sharp features, can introduce

artifacts'↪

}
}

return guidelines

# Demonstrate adaptive parameter selection
def adaptive_parameter_selection(signal, target_snr_improvement=10):

"""
Automatically select optimal parameters based on signal
characteristics↪

"""
signal_length = len(signal)

# Determine decomposition levels
max_levels = int(np.log2(signal_length))
optimal_levels = min(6, max_levels - 1)

# Estimate signal characteristics
coeffs = pywt.wavedec(signal, 'db6', level=optimal_levels)
noise_estimate = np.median(np.abs(coeffs[-1])) / 0.6745 # MAD
estimator↪

signal_energy = np.var(signal)
estimated_snr = 10 * np.log10(signal_energy / (noise_estimate**2))

# Adapt method based on SNR
if estimated_snr < 5: # Very noisy

method = 'hybrid'
params = {'aggressive': True}

elif estimated_snr < 15: # Moderately noisy
method = 'adaptive'
params = {'conservative': False}

else: # Lightly noisy
method = 'soft_threshold'
params = {'gentle': True}

return {
'levels': optimal_levels,
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'method': method,
'estimated_snr': estimated_snr,
'noise_estimate': noise_estimate,
'recommended_params': params

}

# Apply adaptive selection to our data
adaptive_params = adaptive_parameter_selection(signal)
print("Adaptive Parameter Selection Results:")
for key, value in adaptive_params.items():

print(f"{key}: {value}")

Output:

Adaptive Parameter Selection Results:
levels: 6
method: hybrid
estimated_snr: 2.351732153587757
noise_estimate: 0.7292406504060673
recommended_params: {'aggressive': True}

Analysis:

• Levels = 6
The decomposition is done at 6 levels, which allows capturing features at
multiple scales — useful for detailed denoising.

• Method = Hybrid
A hybrid method typically combines different thresholding or estimation
techniques for improved noise suppression.

• Estimated SNR = 2.35 dB
This low estimated SNR indicates the signal is noisy, suggesting aggressive
denoising might be beneficial.

• Noise Estimate = 0.729
A moderate noise level estimate which helps guide thresholding parame-
ters.
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• Recommended Parameters: {'aggressive': True}
The adaptive selection recommends using an aggressive denoising ap-
proach, likely involving stronger thresholding or smoothing to effectively
reduce noise at the expense of some detail loss.

Summary:

The adaptive parameter selection suggests applying a relatively aggressive
denoising with a 6-level wavelet decomposition using a hybrid method. This is
appropriate given the relatively low estimated SNR and moderate noise level,
aiming to improve overall signal quality by prioritizing noise reduction.

1.10.3 Quality Assessment Metrics

def comprehensive_quality_assessment(original, denoised,
ground_truth=None):↪

"""
Comprehensive quality assessment for denoised signals
"""
metrics = {}

# Basic metrics
if ground_truth is not None:

metrics.update(calculate_metrics(ground_truth, denoised))

# Signal preservation metrics
# Spectral coherence
from scipy import signal as scipy_signal
f_orig, Pxx_orig = scipy_signal.welch(original,

nperseg=min(256, len(original)//4))

f_den, Pxx_den = scipy_signal.welch(denoised,
nperseg=min(256, len(denoised)//4))

# Ensure same length for comparison
min_len = min(len(Pxx_orig), len(Pxx_den))
spectral_similarity = np.corrcoef(Pxx_orig[:min_len],
Pxx_den[:min_len])[0,1]↪
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# Smoothness measure (second derivative)
smoothness_orig = np.mean(np.abs(np.diff(original, n=2)))
smoothness_den = np.mean(np.abs(np.diff(denoised, n=2)))
smoothness_improvement = (smoothness_orig - smoothness_den) /
smoothness_orig↪

# Peak preservation (for signals with distinct peaks)
from scipy.signal import find_peaks
peaks_orig, _ = find_peaks(np.abs(original),
height=np.std(original))↪

peaks_den, _ = find_peaks(np.abs(denoised),
height=np.std(denoised))↪

peak_preservation = len(peaks_den) / max(len(peaks_orig), 1)

metrics.update({
'spectral_similarity': spectral_similarity,
'smoothness_improvement': smoothness_improvement,
'peak_preservation_ratio': peak_preservation

})

return metrics

# Assess our optimal denoising result
quality_metrics = comprehensive_quality_assessment(

df['accel_x'], denoised_optimal, df['accel_clean']
)

print("Comprehensive Quality Assessment:")
print("=" * 50)
for metric, value in quality_metrics.items():

print(f"{metric:<25}: {value:>10.4f}")

Output:

Comprehensive Quality Assessment:
==================================================
MSE : 0.1443
SNR_improvement_dB : 7.9809
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Correlation : 0.2504
PRMS_% : 190.2503
spectral_similarity : 0.9491
smoothness_improvement : 0.7329
peak_preservation_ratio : 0.8804

The results are summaried and analyzed in the following table:

Table 1.1: Comprehensive quality assessment results.

Metric Value Interpretation

MSE 0.1443 Low mean squared error indicates
good signal reconstruction accuracy.

SNR Improvement
(dB)

7.9809 Significant noise reduction achieved
by the denoising method.

Correlation 0.2504 Moderate correlation between
denoised and clean signal; could be
improved, possibly due to residual
noise or signal distortion

PRMS (%) 190.25 Peak root mean square ratio higher
than 100% may indicate
amplification of certain signal
components or peaks post-denoising.

Spectral Similarity 0.9491 High spectral coherence shows that
the frequency content of the original
signal is well preserved in the
denoised signal.

Smoothness
Improvement

0.7329 ~73% improvement in smoothness;
denoising successfully reduced
high-frequency noise and
irregularities.

Peak Preservation
Ratio

0.8804 ~88% of original signal peaks are
preserved, indicating effective
retention of important transient
features.
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Summary:

• The low MSE and high SNR improvement confirm that the denoising
method effectively suppresses noise.

• The high spectral similarity indicates that the denoising preserves the
signal’s frequency characteristics well.

• The smoothness improvement suggests a successful reduction of noise-
induced fluctuations.

• Peak preservation ratio near 0.88 means most key signal peaks
remain intact, which is critical for signals with transient events.

• The somewhat low correlation (0.25) might suggest some phase distor-
tion or slight changes in signal shape despite good noise reduction.

• The elevated PRMS (%) could mean certain peaks or amplitudes are
slightly exaggerated after denoising, which may require further tuning.

Overall, your denoising approach achieves a good balance between noise sup-
pression and signal preservation, with room for improvement in correlation and
amplitude fidelity.

1.11 Common Pitfalls and Troubleshooting

1.11.1 Over-denoising and Under-denoising

def detect_over_under_denoising(original, denoised,
ground_truth=None):↪

"""
Detect over-denoising (signal distortion) and under-denoising
(insufficient↪

noise removal)
"""
issues = []

# Check for over-smoothing
orig_variations = np.std(np.diff(original))
den_variations = np.std(np.diff(denoised))
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if den_variations < 0.3 * orig_variations:
issues.append("OVER-DENOISING: Signal may be over-smoothed")

# Check for insufficient denoising
if ground_truth is not None:

noise_orig = original - ground_truth
noise_residual = denoised - ground_truth

noise_reduction = 1 - (np.var(noise_residual) /
np.var(noise_orig))↪

if noise_reduction < 0.5:
issues.append("UNDER-DENOISING: Insufficient noise

removal")↪

elif noise_reduction > 0.95:
issues.append("POTENTIAL OVER-DENOISING: Excessive noise

removal")↪

# Check for artifacts
high_freq_orig = np.abs(np.fft.fft(original))[len(original)//4:]
high_freq_den = np.abs(np.fft.fft(denoised))[len(denoised)//4:]

if np.max(high_freq_den) > 2 * np.mean(high_freq_orig):
issues.append("ARTIFACTS: Possible denoising artifacts

detected")↪

return issues

# Check our denoising results
issues = detect_over_under_denoising(

df['accel_x'],
denoised_optimal,
df['accel_clean']

)

if issues:
print("Potential Issues Detected:")
for issue in issues:

print(f"- {issue}")
else:
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print("No significant denoising issues detected.")

Output:

Potential Issues Detected:
- ARTIFACTS: Possible denoising artifacts detected

Analysis:

• The function detected possible artifacts in the denoised signal.
• Artifacts are unwanted distortions or unnatural features introduced

by the denoising process, often appearing as unexpected high-frequency
components.

• This detection is based on the fact that the high-frequency content
in the denoised signal is unusually large—more than twice the average
high-frequency content of the original signal.

• This suggests that while denoising, some processing steps may have
introduced spurious oscillations or noise-like elements rather than
purely removing noise.

• The function did not detect over-denoising or under-denoising:

∘ The signal is not excessively smoothed or flattened.
∘ The noise removal level is adequate, neither insufficient nor excessive.

• However, the presence of artifacts means the denoising algorithm or its
parameters might require adjustment to avoid these unwanted effects.

Summary:

The denoising method effectively reduces noise but introduces some artifacts,
which may degrade the quality or interpretability of the signal. Further tuning
or alternative denoising strategies might be needed to minimize these artifacts
while maintaining effective noise suppression.

How to Reduce Artifacts and Improve Denoising

1. Adjust Thresholding Method and Parameters
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• Use soft thresholding instead of hard thresholding to reduce
abrupt changes causing artifacts.

• Experiment with different threshold selection rules (e.g., universal,
SURE, minimax).

• Consider adaptive thresholding that varies thresholds per decom-
position level or coefficient.

2. Optimize Wavelet Selection

• Try smoother wavelets with better frequency localization (e.g.,
Coiflets, Symlets).

• Avoid overly short or discontinuous wavelets (like Haar) if artifacts
are an issue.

• Test different wavelet families to find the best match for your signal
characteristics.

3. Increase Decomposition Levels

• Decompose to a higher number of levels to better isolate noise in
finer scales.

• However, avoid too many levels that might lead to over-smoothing
or ringing artifacts.

4. Use Wavelet Packet or Multiwavelet Transforms

• These can offer more flexible frequency partitions and better noise
separation.

• More complex but often lead to fewer artifacts and better signal
reconstruction.

5. Post-processing Filtering

• Apply a mild low-pass filter or smoothing after denoising to reduce
residual artifacts.
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• Careful to avoid removing genuine signal features.

6. Combine with Other Denoising Techniques

• Hybrid approaches like combining wavelet denoising with median
filtering or empirical mode decomposition (EMD).

• Sometimes complementing wavelets with other domain-specific filters
reduces artifacts.

7. Check for Signal Preprocessing

• Normalize or detrend the signal before denoising.

• Remove baseline drift or known interferences to prevent artifacts.

8. Visual and Quantitative Validation

• Plot signal before and after denoising to visually detect artifacts.

• Use additional quality metrics (e.g., higher-order statistics) to quan-
tify artifact presence.

1.11.2 Boundary Effects and Signal Length

def handle_boundary_effects(signal, wavelet='db6',
mode='periodization'):↪

"""
Demonstrate different approaches to handling boundary effects
"""
modes = ['periodization', 'zero', 'constant', 'symmetric']

results = {}
for mode in modes:

try:
coeffs = pywt.wavedec(signal, wavelet,

level=4, mode=mode)
# Simple soft thresholding
threshold = np.std(signal) * 0.2
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detail_coeffs = [
pywt.threshold(c, threshold, mode="soft")
for c in coeffs[1:]

]
coeffs_thresh = [coeffs[0]] + detail_coeffs
denoised = pywt.waverec(coeffs_thresh,

wavelet, mode=mode)

# Trim to original length if necessary
if len(denoised) > len(signal):

denoised = denoised[:len(signal)]

results[mode] = denoised
except Exception as e:

results[mode] = f"Error: {str(e)}"

return results

# Test boundary handling
boundary_results = handle_boundary_effects(signal[:200]) # Use

shorter signal↪

plt.figure(figsize=(15, 8))
for i, (mode, result) in enumerate(boundary_results.items()):

if isinstance(result, str):
continue

plt.subplot(2, 2, i+1)
plt.plot(signal[:200], 'b-', alpha=0.5, label='Original')
plt.plot(result, 'r-', linewidth=2, label=f'Mode: {mode}')
plt.title(f'Boundary Mode: {mode}')
plt.legend()
plt.grid(True, alpha=0.3)

plt.tight_layout()
plt.show()

Boundary Effects Analysis:

Periodization Mode
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Figure 1.8: Comparison of different wavelet boundary handling modes on a
short segment of the signal. periodization: wraps the signal
periodically, often minimizing boundary distortion. zero: pads
with zeros, can cause edge artifacts. constant: pads with the
signal’s boundary value, smoothing edges but may create artificial
plateaus. symmetric: mirrors the signal at the edges, generally
good for reducing artifacts near boundaries.
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• The denoised signal closely follows the original signal throughout the
segment.

• Boundary distortions are minimal because the signal is treated as periodic,
avoiding abrupt edge transitions.

• This mode generally produces smooth and continuous results at bound-
aries.

Zero Padding Mode

• The denoised signal deviates more from the original near the edges.
• Zero padding introduces artificial zeros outside the signal range, which

causes boundary artifacts visible as distortions near the start and end.
• This mode is simple but often introduces noticeable edge effects.

Constant Padding Mode

• The edges are extended by replicating the boundary values, leading to
flat plateaus near the edges.

• This can reduce abrupt jumps but might create unnatural constant regions
at boundaries.

• Slight distortion compared to periodization but better than zero padding
at edges.

Symmetric Padding Mode

• The signal is mirrored at boundaries, which tends to preserve continuity
and smoothness better than zero or constant padding.

• Some edge effects are visible but generally less severe.
• Good compromise for boundary handling when signal periodicity is not a

valid assumption.

Summary

• Periodization yields the smoothest and most natural boundary handling
for signals with roughly periodic behavior.

• Zero padding often causes the worst boundary artifacts due to sudden
drops to zero.

• Constant padding can reduce sharp edge effects but may introduce un-
natural plateaus.
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• Symmetric padding provides a balanced approach by mirroring data,
reducing artifacts while not assuming periodicity.

Choice of mode should depend on the signal characteristics and application
requirements to minimize boundary artifacts in wavelet denoising or analysis.

1.12 Summary

This chapter provided a comprehensive exploration of wavelet-based denois-
ing for time series signals, moving from theoretical foundations to practical
implementation with real-world sensor data. The key insights and takeaways
include:

1.12.1 Main Findings

Method Performance Ranking: Based on our systematic evaluation using
accelerometer data:

1. Adaptive Thresholding: Provided the best balance of noise reduction
and signal preservation

2. Hybrid Approach: Effective for very noisy signals, combining detail
removal with selective thresholding

3. Bayes Soft Thresholding: Robust general-purpose method with auto-
matic parameter selection

4. Approximation-Based Denoising: Simple but effective for high-
frequency noise dominant scenarios

Critical Parameters:

• Wavelet Choice: ‘db6’ proved optimal for sensor data, balancing smooth-
ness and localization

• Decomposition Levels: 4-6 levels optimal for typical sensor sampling
rates (50-1000 Hz)

• Threshold Selection: Adaptive, level-dependent thresholding outper-
formed fixed approaches
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1.12.2 Practical Guidelines

When to Use Each Method:

• Adaptive Thresholding: Default choice for most sensor applications
• Hybrid Method: High-noise environments (SNR < 5 dB)
• Approximation-Based Denoising: Real-time applications requiring

minimal computation
• Soft Thresholding: When signal smoothness is critical

Key Success Factors:

1. Signal Analysis First: Always examine the signal characteristics and
noise distribution before selecting parameters

2. Validation with Ground Truth: Use clean reference signals when
available for parameter optimization

3. Application-Specific Tuning: Adapt methods to preserve application-
critical signal features

4. Computational Constraints: Balance denoising quality with real-time
processing requirements

1.12.3 Advanced Considerations

For Production Systems: - Implement adaptive parameter selection based
on real-time signal statistics - Use quality monitoring to detect over/under-
denoising conditions - Consider ensemble approaches combining multiple de-
noising methods - Plan for edge cases: very short signals, missing data, and
sensor failures

Future Directions:

• Integration with machine learning for automatic parameter optimization
• Development of application-specific wavelets for specialized sensors
• Real-time adaptive denoising for streaming IoT data
• Multi-sensor fusion with correlation-aware denoising

65



1.12.4 Code Implementation Summary

The chapter provided a complete, production-ready implementation including:

• Comprehensive denoising function with multiple methods
• Automatic parameter selection based on signal characteristics

• Performance evaluation framework with multiple metrics
• Error detection and troubleshooting capabilities
• Real-time processing considerations

This foundational understanding of wavelet denoising enables you to effectively
clean sensor data across a wide range of applications, from biomedical monitoring
to industrial IoT systems, while preserving the critical signal characteristics
needed for downstream analysis and decision-making.

The techniques presented here form the basis for more advanced signal processing
pipelines, where clean, denoised signals enable more accurate feature extraction,
pattern recognition, and predictive analytics in time series applications.

1.13 Exercises and Quizzes

1.13.1 Quiz Questions

1. Theory: Explain why wavelet denoising is particularly effective for
non-stationary signals compared to traditional Fourier-based filtering
methods.

2. Method Comparison: Under what conditions would you choose hard
thresholding over soft thresholding? Provide specific examples.

3. Parameter Selection: How would you adapt your denoising approach
for:

• Very short signals (< 100 samples)
• Highly contaminated signals (SNR < 0 dB)
• Signals with unknown noise characteristics
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1.13.2 Practical Exercises

1. Custom Threshold Estimation

Implement a custom threshold estimation method based on the noise character-
istics of your specific application:

def custom_threshold_estimation(signal, noise_type='gaussian'):
"""
Implement your custom threshold estimation method

Tasks:
1. For 'gaussian' noise: implement BayesShrink
2. For 'uniform' noise: develop appropriate threshold
3. For 'impulse' noise: create robust threshold estimation
"""
# Your implementation here
pass

# Test your implementation
test_threshold = custom_threshold_estimation(signal, 'gaussian')
print(f"Your custom threshold: {test_threshold}")

2. Real-time Denoising

Design a real-time denoising system for streaming sensor data:

class RealTimeDenoiser:
def __init__(self, buffer_size=512, wavelet='db6'):

"""
Initialize real-time denoiser

Tasks:
1. Implement sliding window approach
2. Handle buffer management
3. Minimize processing delay
"""
self.buffer_size = buffer_size
self.wavelet = wavelet
# Your initialization code here

67



def process_sample(self, new_sample):
"""
Process single new sample and return denoised value
"""
# Your implementation here
pass

def process_batch(self, new_samples):
"""
Process batch of samples efficiently
"""
# Your implementation here
pass

# Test your real-time denoiser
denoiser = RealTimeDenoiser()
# Implement your test here

3. Multi-dimensional Denoising

Extend the denoising to multi-dimensional sensor data (e.g., 3-axis accelerome-
ter):

def multidimensional_denoise(data_matrix, correlation_aware=True):
"""
Denoise multi-dimensional time series

Parameters:
- data_matrix: (n_samples, n_dimensions) array
- correlation_aware: whether to consider cross-channel
correlations↪

Tasks:
1. Handle each dimension independently
2. Implement correlation-aware denoising denoising}
3. Preserve relative signal relationships
"""
# Your implementation here
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pass

# Create test data
test_data = np.column_stack([

df['accel_x'].values,
df['accel_x'].values + 0.5 * np.random.randn(len(df)), #
Correlated Y↪

np.random.randn(len(df)) * 0.3 # Independent Z
])

# Test your multi-dimensional denoiser
denoised_multi = multidimensional_denoise(test_data)
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methods, Bayesian
threshold

BayesShrink, see wavelet denoising,
thresholding methods,
BayesShrink, see wavelet
compression, thresholding
methods, BayesShrink, 251,
258, 270, 280, 316

benchmarking, 300, 366
best practices

parameter selection, 50
wavelet selection, 47

bilateral filter, 258, 313
biomedical signals, 46

ECG, 46
EEG, 46
EMG, 46

bior, see wavelets, biorthogonal
wavelets

biorthogonal wavelet, 49, see
wavelets, biorthogonal
wavelets, see wavelets,
biorthogonal wavelet

biorthogonal wavelets, 377, 398
blocking artifacts, 325
boundary artifacts, 63, 64
boundary conditions, 383
boundary effects, 60, 383

boundary handling
constant padding, 63
periodization, 61
symmetric padding, 63
zero padding, 63

brick-wall cutoff, 136

C
CIFAR-10, 221
codec, 72
coefficient counts, see wavelet

transform, coefficient
counts

coefficient modification, see wavelet
denoising, coefficient
modification

coefficient removal, 38
coif, see wavelets, Coiflet

wavelets
coif2 wavelet, 49
Coiflet

coif2, 49
Coiflet wavelets, see wavelets,

Coiflet wavelets
Coiflets, 398
color channels, 356
color fidelity, 356
color space, 356
color space conversion, 356
common pitfalls, 56
compression

coding, 72
quantization, 72
transformation, 72

compression efficiency, 105
compression ratio (CR), 72
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computational complexity, 188,
213

computational constraints, 65
computer vision, 222
constant padding, see boundary

handling, constant
padding

contrast enhancement, 238
correlation

signal preservation, 39, 45
correlation-aware, 65
critical parameters, 64

D
data transmission, 72
Daubechies 6, see wavelets,

Daubechies wavelets,
db6

Daubechies wavelet, 280
Daubechies wavelets, 398
db4, see wavelets, Daubechies

wavelets, db4
db8, see wavelets, Daubechies

wavelets, db8
DCT, see discrete cosine transform

(DCT)
decomposition level, 10
decomposition levels

optimization, 59
denoising, 141, 144, 145, 177, 181,

200, 221
denoising improvement, 58
denoising pipeline, 8
detail coefficients, 9, see wavelet

transform, detail
coefficients

Discrete Cosine Transform (DCT),
325

discrete cosine transform (DCT),
72, 78, 87

discrete wavelet transform (DWT),
8, 71, 86, 142, 325

downsampling, 20
DWT, see discrete wavelet

transform

E
earthquake detection, 47
ECG signals, 46
economic indicators, 46
edge detection, 221, 234
edge effects, 63, 383
edge enhancement, 238
edge preservation, 317
edge-preserving denoising, 317
EEG signals, 46
EMD, see empirical mode

decomposition
EMG signals, 46
empirical mode decomposition,

60
energy compaction, 73, 78
energy contribution, 20
energy distribution, see wavelet

transform, wavelet
decomposition, energy
distribution, 227

entropy coding, 73
environmental data, 47

oceanographic, 47
weather, 47

environmental sensing, 46
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environmental time series, 11
error detection, 66
evaluation framework, 66

F
fast fourier transform (FFT), 78
fault detection, 46
feature enhancement, 221, 316
FFT, see fast fourier transform

(FFT)
fidelity, 73
filter methods, 7
filtering

post-processing, 59
financial time series, 11, 46, 144,

200
economic indicators, 46
high-frequency, 46
stock prices, 46

fixed thresholding, 386
Fourier transform, 72, 221
Fourier-based filters, 7
frequency bands, 11
frequency content, 22, 55, 58
frequency domain, 7
frequency masking, 72
frequency partitions, 59
frequency preservation, 55
frequency resolution, 138
frequency selectivity, 22
frequency subbands, 221
future directions, 65

G
gait cycles, 22
Gaussian filter, 251, 313

Gaussian noise, 222, 229
geophysical data, 47

seismic, 47
ground truth validation, 65
gyroscope data, 7

H
Haar wavelet

performance, 48
hard thresholding, 105, 317

seewavelet denoising,
thresholding methods,
hard thresholding, 9

HH subband, 223
high-frequency attenuation, 135
high-frequency coefficients, see

wavelet coefficients,
high-frequency

high-frequency details, see wavelet
transform, high-frequency
details

high-frequency fluctuations, 10
high-frequency roll-off, 135
high-frequency subbands, 222
high-frequency trading, 46
high-noise environments, 65
higher-order statistics, 60
HL subband, 223
horizontal filtering, 223
Huffman coding, 73
hybrid approach, 64
hybrid denoising methods, 38
hybrid denoising techniques, 60
hybrid method, see wavelet

denoising, hybrid
methods
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IDWT, see wavelet transform
image compression, 221, 325
image denoising, 222
image processing, 72, 221
image processing pipeline, 388
implementation

practical function, 41
impulse noise, 222
Industrial IoT, 46

environmental sensing, 46
structural health, 46
vibration monitoring, 46

intelligibility, 135
inverse DWT, 8
inverse wavelet transform, 229
IoT devices, 7
IoT sensors

accelerometer signals, 11

J
JPEG, 73, 325
JPEG artifacts, 222
JPEG2000, 325, 398

L
LH subband, 223
LL subband, 222, 227
local signal characteristics, 7
localized analysis, 78
long-term trends, 11
lossless compression, 73, 325
lossy compression, 73
low SNR, 65
low-contrast images, 234
low-pass filter, 22

M
machine learning, 228
machine learning integration, 65
machinery faults, 46
magnitude preservation, 9
market microstructure noise, 46
maximum coefficient magnitude,

see wavelet transform,
maximum coefficient
magnitude

mean squared error (MSE), 10,
24

median filter, 251, 313
median filtering, 60
medical image, 221
medical image denoising, 280
medical imaging, 222, 316, 325,

398
metadata, 388
meteorological measurements, 47
method selection, 65
mid-frequency details, see wavelet

transform, mid-frequency
details

mid-frequency variations, see
wavelet transform,
low-frequency variations

Minimax, see wavelet compression,
thresholding methods,
Minimax

Minimax threshold, see wavelet
denoising, hresholding
methods, Minimax
threshold

missing data, 195, 200, 213
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MNIST, 221
motion artifacts, 46
moving average, 141, 142, 172, 177,

181, 213
MP3, 73
MSE, see mean squared error

(MSE), 24, 38, 177, 377
analysis, 38

multi-level decomposition, 239,
317

multi-resolution representation,
325

multi-sensor fusion, 65
multilevel decomposition, 221
multiresolution analysis (MRA), 72,

78, 141
multiresolution properties, 8
multiresolution representation,

223
multiscale analysis, 141, 142, 144,

145, 161, 204, 213, 316
multiscale analysis (MRA), 211
multiscale representation, 221
multivariate time series, 7
multiwavelet transform, 59
muscle activation patterns, 46

N
neural oscillations, 46
noise

frequency bands, 11
high environments, 65

noise characteristics, see signal
analysis, noise
characteristics, 49

noise component, 16

noise distribution, 65
noise floor, 134
noise level, 9

estimation, 105
noise reduction, 7, 141, 143, 177,

181
signal preservation, 64

noise suppression, 7, 26, 39, 316
non-stationary signal, 7, 72, 141,

142
non-stationary signals, 213, 221

O
oceanographic data, 47
orthogonal filter bank, 87
outliers, 195, 200
over-denoising, 56

P
parameter optimization, 65, 259
parameter selection, 50
peak preservation, 55
Percent Root-Mean-Square Error

(PRMS), 39
perceptual quality, 87, 356
performance ranking, 64
periodic behavior, 63
periodization mode, see boundary

handling, periodization
phase distortion, 56
piecewise constant, 49
PM2.5, 151, 166, 171
portfolio analysis, 200, 204, 213
post-processing, 59
practical implementation, 41
PRMS, see Percent
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Root-Mean-Square Error
(PRMS)

production systems, 65
production-ready code, 66
progressive transmission, 325,

393
PSNR, 234, 316, 377
Psychoacoustic compression

WPT, 116
psychoacoustic thresholding, 72
PyWavelets, 72, 221, 397

Q
QRS complexes, 46
quality-per-bit, 134
quantization, 73
quantization noise, 136
quasi-periodic, 22

R
real-time adaptive denoising, 65
real-time processing, 181, 188, 213,

214
reconstruction error, 74
reconstruction quality, 73
region-of-interest (ROI), 390
remote sensing, 222, 325
research directions, 65
ringing artifacts, 59
ROI, see region-of-interest
Run-Length Encoding, 73

S
sampling rate, 16
satellite image enhancement, 282
satellite imagery, 221, 316, 390,

398

Savitzky-Golay filter, see
smoothing,Savitzky-Gola

scalogram, 72
scikit-image, 245
seasonal decomposition, 156
seismic signals, 47
sensor data, 7

accelerometer signals, 11
sensor fusion, 65
sensor networks, 46
sharpening, 238
signal

smoothness, 10
signal analysis, 65

noise characteristics, 11, 49
wavelet, 16

signal characteristics, 11
signal compression, 71, 72
signal detrending, 60
signal distortion, 31, 55
signal features, 7
signal fidelity, 24

preservation, 29, 34
signal length, 9, 60
signal preprocessing, 60
signal preservation

detail, 41
signal processing, 7, 142
signal reconstruction, see wavelet

transform, wavelet
reconstruction

signal recovery, 38
signal smoothness, see signal,

smoothness, 65
signal-noise separation, 8
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signal-to-noise ratio (SNR), 72, 177,
181, 213

smoothing
Savitzky-Golay, 16

smoothness improvement, 55
SNR, 177

low, 65
SNR improvement

analysis, 39
soft thresholding, see wavelet

denoising, thresholding
methods, soft threshold,
105, 229, 316, 317

best practices, 38
spectral coherence, 55
spectral preservation, 72
spectral shaping, 87
spectral similarity, 55
speech coding, 136
speech compression, 71
spurious oscillations, 58
SSIM, 234, 316, see Structural

Similarity Index, 377
Stein’s unbiased risk estimate

(SURE), 10
stock analysis, 145
stock market, 144, 163, 213
stock price data, 46
strain gauge, 46
streaming data, 65
structural features, 41
structural health monitoring, 46
Structural Similarity Index (SSIM),

377
subbands, 73, 222, 317

success factors, 65
SURE, see Stein’s unbiased risk

estimate (SURE)
SURE threshold, see wavelet

denoising, thresholding
methods, SURE threshold,
270

SureShrink, see wavelet
compression, thresholding
methods, SureShrink

sym, see wavelets, Symlet
wavelets

Symlet wavelets, see
wavelets,Symlet wavelets

Symlets, 59
symmetric padding, 63

T
threshold adjustment, 58
threshold levels, 29
threshold magnitudes, 29
threshold selection

optimal, 64
thresholding, 73, 188, 192, 221, 227,

345
thresholding methods, see wavelet

denoising,thresholding
methods

time domain, 8
time series, 141, 177, 200
time series signal, 7
time-frequency analysis, 141, 213
time-frequency localization, 49,

78
time-frequency representation, 72
transient characteristics, 7
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transient features, 55, 72
transient preservation, 55
transparent quality, 112
trend extraction, 141, 143, 181,

213
trend signal, 10
troubleshooting, 56

boundary effects, 60
over-denoising, 56
under-denoising, 56

U
under-denoising, 56
universal threshold, see wavelet

denoising, thresholding
methods, universal
threshold

use cases, 46

V
validation

quantitative, 60
visual, 60

vanishing moments, 49, 50
vibration monitoring, 46
video encoding, 72
VisuShrink, 251, 258, 280, 316
volatility, 142, 150

W
wave height, 47
waveform reconstruction, 72
wavelet analysis, 16
wavelet choice, 64
wavelet coefficients

high-frequency coefficients,
10

large, 8
small, 8

wavelet coherence, 206, 211, 213
wavelet compression, 71, 327

compression, 77
energy compaction, 76
key steps, 73
thresholding methods

adaptive thresholding, 105
BayesShrink, 105, 111
Minimax, 105
minimax method, 111
soft method, 111
SureShrink, 105, 111

wavelet decomposition, see wavelet
transform, wavelet
decomposition, 161, 222

wavelet denoising, 7, 9
applications, 46
coefficient modification, 8
filter methods, 38

approximation-based
denoising, 10, 22, 64

approximation-based
methods, 39

hybrid methods, 34, 39
thresholding methods, 7, 9, 26,

77
adaptive thresholding, 34,

105
Bayes-Soft, 41
Bayesian threshold, 10
BayesShrink, 10, 29, 38
hard thresholding, 9, 26
Minimax threshold, 10
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soft threshold, 9
soft thresholding, 26
SURE threshold, 10
Sure-Soft, 41
SureShrink, 38
universal threshold, 9

troubleshooting, 56
wavelet domain, 229
wavelet families, 59, 369
wavelet optimization, 59
wavelet packet transform, 59
wavelet packet transform (WPT),

71, 72, 86
wavelet selection, 47, 192, 200,

213
wavelet shrinkage, 7
wavelet transfor

wavelet decomposition, 340
wavelet transform, 72, 141, 143,

172, 192, 200, 213, 221,
317

approximation coefficients, 21,
73, 143, 144

approximation level, 20
coefficient counts, 20
coefficient magnitude, 26
decomposition levels, 64
detail coefficients, 21, 73, 143,

144, 229, 234
fine levels, 145
medium levels, 144
scale, 166

discrete wavelet transform
(DWT), 145

high-frequency details, 20

low-frequency variations, 20
maximum coefficient

magnitude, 20
mid-frequency details, 24
scale, 26
sub-bands, 105
wavelet coefficients, 340
wavelet decomposition, 8, 21,

144
energy distribution, 20

wavelet reconstruction, 8
wavelet-based compression, 325
wavelet-based denoising, 221, 316
wavelets, 325

biorthogonal wavelet, 244
biorthogonal wavelets, 143
Coiflet wavelets, 143
Daubechies wavelet, 143, 270,

298
Daubechies wavelets, 143

comparison, 49
db4, 192
db6, 21
db8, 192

Haar wavelet, 192
symlet wavelet, 298
Symlet wavelets, 143
Symlets, 59

weather data, 47
WISDM accelerometer data, 86
WPT, see wavelet packet transform

(WPT)

Y
Yahoo Finance, 142
yfinance, 145
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