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Preface

Wavelet transforms have become fundamental tools in modern signal pro-
cessing, image analysis, time-series modeling, and data security. Their
mathematical foundations are well established in the literature; however, the
practical implementation of wavelet methods—particularly within contempo-
rary computational environments such as Python—often presents significant
challenges. This three-volume series, Wavelet Transform in Practice: From
Theory to Production-Ready Python Applications, was conceived to bridge the
gap between theoretical rigor and reproducible, real-world implementation
across diverse application domains.

Rather than emphasizing mathematical abstraction alone, the series in-
tegrates conceptual foundations, algorithmic structure, and carefully con-
structed Python implementations. The objective is to provide readers not
only with theoretical understanding, but also with the methodological clarity
necessary to apply wavelet transforms effectively in research and production
environments.

This first volume, Foundations and Core Wavelet Theory: Concepts, Mathe-
matics, and Python Foundations, establishes the theoretical and computa-
tional groundwork for the volumes that follow. It introduces the fundamental
principles of wavelet analysis, including core mathematical constructs and
their relationship to classical signal-processing methods. Building upon
this foundation, the volume presents essential discrete wavelet techniques—
implemented using the PyWavelets library—while maintaining a consistent
emphasis on clarity, structure, and reproducibility.
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Who This Book Is For

This volume is intended for:

• Data scientists and machine learning engineers seeking principled
multiscale feature extraction techniques

• Signal processing practitioners working with biomedical, audio, or
sensor data

• Research scientists in environmental monitoring, geophysics, finance,
and related fields

• Graduate students requiring both theoretical grounding and practical
implementation guidance

• Software engineers integrating wavelet-based analysis into analytical
pipelines or production systems

Readers interested in denoising signals, compressing images, detecting anoma-
lies in time series, or constructing multiscale representations for machine
learning will find in this volume both conceptual structure and practical
tools.

Organization of This Volume

The book is organized into three parts, guiding the reader from foundational
theory to structured implementation:

Part I: Foundations of Wavelet Theory and Computational Frame-
works
Introduces the conceptual and mathematical foundations of wavelet analysis,
including scaling functions, orthonormal bases, and multiresolution structure.
It also establishes the computational framework through an introduction to
PyWavelets, ensuring that theoretical constructs are immediately connected
to practical implementation.
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Part II: Core Techniques and Implementations
Presents one-dimensional, two-dimensional, and n-dimensional Discrete
Wavelet Transforms (DWT), with attention to algorithmic formulation,
visualization, and structured Python workflows.

Part III: Multiresolution and Extended Discrete Wavelet Methods
Examines advanced multiresolution frameworks, including the Stationary
Wavelet Transform (SWT), Multiresolution Analysis (MRA), and Wavelet
Packet Transforms (WPT), emphasizing both theoretical coherence and
implementation detail.

Prerequisites and Computational Environment

This volume assumes:

• Working knowledge of Python programming

• Familiarity with NumPy and Matplotlib

• Basic exposure to signal processing concepts (helpful but not strictly
required)

• General awareness of machine learning concepts for advanced sections

The primary computational tools include:

• PyWavelets for discrete wavelet analysis

• NumPy, SciPy, and Matplotlib for numerical computation and
visualization

• scikit-image (skimage) for image processing and multidimensional
signal analysis

• imageio for image input/output and data handling

• Additional libraries introduced as required for specific analytical tasks
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On Code and Reproducibility

All code examples are designed to be self-contained and reproducible. When
real-world datasets are referenced, clear instructions for access are provided.
Where proprietary data cannot be shared, synthetic datasets are constructed
to preserve essential structural characteristics.

Implementation examples prioritize conceptual clarity and methodological
correctness. Computational optimization strategies are discussed where
relevant, but the primary goal is to illuminate structure rather than to pursue
maximal efficiency.

Looking Forward

Wavelet analysis continues to evolve, with increasing relevance in hybrid
machine learning systems, interpretable AI, edge computing, and large-scale
scientific data analysis. As readers progress through this volume, they
are encouraged to consider how multiscale representations may illuminate
structure within their own domains of inquiry.

It is my hope that this volume serves not only as a technical reference, but
also as a foundation for continued exploration and innovation in wavelet-based
analysis. The subsequent volumes extend these foundations into applied
methodologies and domain-specific systems, completing the progression from
theoretical principles to production-ready implementations.

Shouke Wei, PhD
Deepsim Intelligent Technology Inc.
Deepsim Academy
Abbotsford, Canada
January 17, 2026
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Lists of Symbols

Symbol Meaning Description

Wavelet
Functions
𝜓(𝑡) Mother Wavelet Oscillatory, zero-mean function for

analyzing high-frequency
components

𝜑(𝑡) Scaling Function Function representing
low-frequency approximation
components

𝜓𝑗,𝑘(𝑡) Discrete Wavelet 𝜓𝑗,𝑘(𝑡) = 2𝑗/2𝜓(2𝑗𝑡 − 𝑘), scaled and
shifted wavelet

𝜓𝑎,𝑏(𝑡) Continuous
Wavelet

𝜓𝑎,𝑏(𝑡) = 1
√‖𝑎‖𝜓( 𝑡−𝑏

𝑎 ), with scale 𝑎
and shift 𝑏

Parameters
𝑎 Scale Parameter Controls dilation of wavelet, 𝑎 ∈ ℝ+

𝑏 Shift Parameter Controls position of wavelet in
time, 𝑏 ∈ ℝ

𝑗 Scale Level Discrete scale index; higher 𝑗 =
coarser resolution

𝑘 Translation Index Discrete position index
𝑡 Time Variable Continuous time parameter
𝑛 Discrete Index Integer index for discrete signals
Signals
𝑥(𝑡) Continuous

Signal
Original continuous signal being
analyzed
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Symbol Meaning Description

𝑥[𝑛] Discrete Signal Discrete input signal at sample
index 𝑛

̂𝑥(𝑡) Reconstructed
Signal

Signal reconstructed from wavelet
coefficients

̂𝑥(𝜔) Fourier
Transform

Frequency-domain representation of
signal

Coefficients
𝑊(𝑎, 𝑏) CWT Coefficients Continuous wavelet transform

coefficients
𝐴𝑗 or 𝑐𝐴𝑗 Approximation Low-frequency coefficients at level 𝑗
𝐷𝑗 or 𝑐𝐷𝑗 Detail High-frequency coefficients at level

𝑗
Filters
ℎ[𝑛] Low-Pass Filter Decomposition filter for extracting

approximation
𝑔[𝑛] High-Pass Filter Decomposition filter for extracting

detail
ℎ̃[𝑛] Reconstruction

Low-Pass
Synthesis filter for recovering
approximation

̃𝑔[𝑛] Reconstruction
High-Pass

Synthesis filter for recovering detail

↓ 2 Downsampling Decimation: keeps every second
sample

↑ 2 Upsampling Inserts zeros between samples
2D Transform
𝐼(𝑥, 𝑦) 2D Image Two-dimensional signal or image
𝐿𝐿𝑗 Approximation

Subband
Low-pass in both directions

𝐿𝐻𝑗 Horizontal Detail Low-pass rows, high-pass columns
𝐻𝐿𝑗 Vertical Detail High-pass rows, low-pass columns
𝐻𝐻𝑗 Diagonal Detail High-pass in both directions
Decomposition
𝐽 Maximum Level Deepest level of decomposition
2𝑗 Scale Factor Resolution at level 𝑗

XXII



Symbol Meaning Description

Operations
⟨𝑓, 𝑔⟩ Inner Product ∫ 𝑓(𝑡)𝑔(𝑡) 𝑑𝑡
‖ ⋅ ‖ Norm Magnitude or length
∗ Convolution (𝑓 ∗ 𝑔)(𝑡) = ∫ 𝑓(𝜏)𝑔(𝑡 − 𝜏) 𝑑𝜏
𝐸 Energy Sum of squared coefficients:

𝐸 = ∑ ‖𝑐‖2

Frequency
𝜔 Angular

Frequency
Frequency in radians per second

𝑓 Frequency Frequency in Hertz (Hz)
𝑓𝑠 Sampling

Frequency
Sampling rate of discrete signal

̂𝜓(𝜔) Wavelet
Spectrum

Fourier transform of wavelet
function

Thresholding
𝜆 Threshold Value Coefficient threshold for denoising
𝑇ℎ(·, 𝜆) Hard

Thresholding
Sets coefficients below 𝜆 to zero

𝑇𝑠(·, 𝜆) Soft Thresholding Shrinks coefficients toward zero
𝜎 Noise Level Standard deviation of noise
Mathematical
Sets
ℝ Real Numbers Set of all real numbers
ℝ+ Positive Reals Positive real numbers only
ℤ Integers Integer numbers
𝐿2(ℝ) Square-Integrable Functions with finite energy
Wavelet
Families
Haar 'haar' Simplest wavelet; discontinuous
Daubechies 'db4', 'db8' Compactly supported orthogonal

wavelets
Symlet 'sym4', 'sym8' Near-symmetric wavelets
Coiflet 'coif2' Wavelets with vanishing moments
Properties
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Symbol Meaning Description

𝑁 Vanishing
Moments

∫ 𝑡𝑘𝜓(𝑡) 𝑑𝑡 = 0 for 𝑘 < 𝑁

𝑁ℎ Filter Length Number of coefficients in filter
Statistics
𝜇 Mean Average value
𝜎2 Variance Measure of spread
𝑆𝑁𝑅 Signal-to-Noise

Ratio
Ratio of signal to noise power

𝑀𝑆𝐸 Mean Squared
Error

1
𝑁 ∑(𝑥𝑖 − ̂𝑥𝑖)2
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Setup Python Environment

This preliminary chapter outlines two recommended methods for setting
up your Python environment: uv, a modern, fast, and isolated tool; and
Anaconda, a traditional yet comprehensive distribution.

Create Your Project Folder

The easiest way is to visit press.deepsim.ca/wavelet-books/vol-1, or
github.com/shoukewei/wavelet-books/vol-1 to download the full project.

However, you can creat your project folder manually or use the command,
and then navigate into it using the command:

mkdir wavelet-books
cd wavelet-books

Recommended folder structure:

wavelet-books/
��� notebooks/ # All Jupyter notebooks
��� data/ # Example datasets / signals
��� scripts/ # Python scripts (optional)
��� requirements.txt # Dependencies
��� pyproject.toml # Optional modern environment file
��� uv.lock # File pinning exact packages versions
��� README.md
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Then you just download the requirements.txt, pyproject.toml and
uv.lock files and the data you need.

Option 1: Using uv (Recommended)

uv is a modern Python package manager that offers instant environments,
conflict-free dependency management, and fast reproducibility.

1. Install uv

pip install uv
# or
curl -LsSf https://astral.sh/uv/install.sh | sh

2. Create and activate a virtual environment

Go to your project folder and run the following command to create a virtual
environment and activate it:

uv venv
source .venv/bin/activate # On macOS/Linux
.venv\Scripts\activate # On Windows

3. Install dependencies

Choose one of the following two ways:

2
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(1) Install all dependencies defined in pyproject.toml (Recommand)

uv sync

This will:

• Create a virtual environment (if none exists).

• Install all dependencies (and optional dev dependencies, if specified).

• Lock versions into a uv.lock file for reproducibility.

(2) Install all dependencie defined in requirements.txt

uv pip install -r requirements.txt

Or:

uv pip install -r requirements.txt

If you need to install additional packages, use the following command:

uv add [package-name]

4. Launch Jupyter Lab

You can launch Jupyter Lab using the following command:

uv run jupyter lab

Or Jupyter Notebook:
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uv run jupyter notebook

Now you’re ready to explore wavelet analysis interactively!

Option 2: Using Anaconda (Alternative)

Anaconda is a popular Python distribution that bundles scientific computing
libraries and tools.

1. Install Anaconda

Download and install from https://www.anaconda.com/download

2. Create a new environment

conda create -n wavelet python=3.11
conda activate wavelet

3. Install dependencies

Go to your project folder and run the following one of the commands:

(1) Install all dependencies defined in pyproject.toml (Recommand)

(2) Install all dependencie defined in requirements.txt

conda install --file requirements.txt

Or use pip to install all dependencies:
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pip install -r requirements.txt

(3) Install required packages (individually or more). For example:

conda install pywavelets numpy matplotlib pandas scipy
jupyterlab↪

4. Launch Jupyter Notebook

jupyter lab

Verify Installation

Run the following to confirm everything works:

import pywt, numpy as np, matplotlib.pyplot as plt
print("PyWavelets version:", pywt.__version__)

You should see something like:

PyWavelets version: 1.8.0

If you get any errors, please check your Python version and ensure all
dependencies are correctly installed.
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Part I

Foundations of Wavelet Theory
and Computational Frameworks
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1 Introduction to Wavelets

The wavelet transform has emerged as one of the most powerful tools in
signal processing, data compression, and time-frequency analysis. Unlike
Fourier transform (FT), which provides only frequency information, It offers
both time and frequency localization, making it especially suitable for non-
stationary signals (S. Mallat 1989).

The origin of wavelet theory can be traced back to the study of functional
spaces and harmonic analysis. The modern development of wavelets began
in the 1980s, particularly through the pioneering works of Ingrid Daubechies,
who introduced a family of orthonormal wavelets with compact support
(Daubechies 1992).

In this book, it focuses on both the theoretical foundation and practical
application of wavelet transforms using Python, specifically the PyWavelets.
PyWavelets is an open-source Python library that provides a wide range of
wavelet transforms, filter design, and utility functions that facilitate wavelet-
based analysis.

This chapter sets the stage for deeper exploration in subsequent chapters. It
will review the historical context, highlight key properties of wavelets, and
discuss the motivations behind adopting the wavelet transform in real-world
scenarios. For a deeper understanding of wavelets and operators, Meyer’s
foundational text is highly recommended (Meyer 1993).
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1.1 Overview

This chapter introduces the fundamental concepts of wavelets and wavelet
transforms, including:

• Core Principles and Significance: Explains the essential principles
of wavelets and wavelet transforms and their importance in signal and
data analysis.

• Advantages over Traditional Methods: Discusses why wavelet
transforms are powerful tools for analyzing non-stationary signals
or time-varying signals, particularly in cases where conventional
techniques such as the Fourier transform are less effective.

• Comparative Analysis: Provides a detailed comparison between
Wavelet transforms and Fourier transforms, emphasizing their
respective strengths, limitations, and areas of application.

• Classification of Wavelet Transforms: Outlines the main categories
of wavelet transforms from multiple perspectives, including dimension-
ality, decomposition levels, and types of discrete wavelet transforms.

This foundational overview sets the stage for deeper mathematical and
practical exploration of wavelet theory in the subsequent chapters.

1.2 What Are Wavelets?

A wavelet is a localized oscillatory function with finite energy, used to
analyze signals at multiple scales and positions in time or space. Wavelets
are classified into different families based on their mathematical properties.
Common wavelet families include Haar, Daubechies, Symlets, Coiflets, Morlet,
Mexican Hat, Complex Shannon, and Meyer wavelets (Figure 1.1), each
providing distinct trade-offs between time localization, frequency resolution,
and computational efficiency.
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Figure 1.1: Examples of commonly used wavelets, illustrating their diverse
shapes and properties. The Mexican Hat and Morlet wavelets are
continuous wavelets with good time–frequency localization; the
Complex Shannon and Meyer wavelets provide sharp frequency
resolution; while the db1 (Haar) and Sym8 wavelets are members
of the Daubechies family, designed for discrete wavelet transforms
with compact support and varying smoothness.

11



1.3 What is a Wavelet Transform?

The wavelet transform (WT) analyzes a signal by projecting it onto scaled and
shifted versions of a wavelet, enabling the examination of signal features at
multiple scales. Unlike traditional Fourier transforms (FT), which represent
signals using infinite-length sine and cosine functions, wavelets are localized
in both time and frequency.

In essence, WT provide a way to analyze signals that have changing frequency
content over time. This makes them especially useful in fields such as signal
processing, image compression, and time-frequency analysis. There are
various types of wavelets, each with unique properties suited for different
applications.

1.4 Why Use Wavelet Transforms?

Wavelet transforms offer several unique advantages:

• Multiresolution analysis: Analyze signals at different scales or
resolutions simultaneously.

• Time-frequency localization: Capture both when and what
frequency components occur.

• Sparse representation: Many real-world signals have a sparse
representation in the wavelet domain, leading to efficient compression
and denoising.

• Non-stationary signal analysis: Time-frequency localization Ideal
for signals whose frequency content changes over time, such as biomed-
ical signals, financial data, and environmental sensor streams.

1.5 Applications of Wavelet Transforms

Wavelet transforms are widely used in real-world applications, including:

12



• Image compression: Used in JPEG2000 for better quality at higher
compression ratios.

• Denoising: Removing noise from electrocardiogram (ECG), audio, or
stock signals.

• Trend analysis and forecasting: Extracting long-term trends in
time series for prediction and interpretation.

• Feature extraction: For machine learning application involving time
series or images.

• Fault detection: Identifying abrupt discontinuities, anomalies, or
changes in mechanical and electrical systems (e.g., via vibration signals).

• Environmental monitoring: Cleaning and analyzing data from
distributed sensor networks.

• Data compression: Efficiently representing large datasets with mini-
mal storage (e.g., signals, images, or video).

• Data encryption and security: Protecting data through wavelet-
based transformations in secure transmission and storage.

The following examples illustrate practical applications in real-world scenar-
ios.

1. Noise removal and trend analysis

Two common applications of wavelets are denoising and trend analysis (Fig-
ure 1.2).

(a) Denoising
(b) Trend analysis

Figure 1.2: Wavelet transform application: (a) Denoising (Zhao et al. 2020),
(b)Trend analysis and forecasting (Wei, Song, and Khan 2011).
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2. Abrupt discontinuities, abnormal changes and image compres-
sion

Two common applications of wavelet transforms are outlier detection and
image compression (Figure 1.3).

(a) Outlier detection (b) Original approximation

Figure 1.3: Application of wavelet transforms: (a) detecting discontinuities
and abnormal changes, and (b) performing image compression.

3. Wavelet-Based Image Steganography

Steganography is the practice of concealing information within other data,
and wavelets provide an effective domain for this purpose. By embedding
secret data in the wavelet coefficients of an image, we can achieve robust and
imperceptible hiding. This technique leverages the multiresolution nature of
wavelet transforms to distribute the hidden message across different frequency
bands, making detection difficult while preserving image quality.

Figure 1.4: The Discrete Wavelet Transform (DWT) Based Steganography.
The figure displays comprehensive visualization including: (1)
original cover image, (2) secret image to be hidden, (3) stego-
image with embedded secret showing PSNR values, and (4) ex-
tracted secret image.

Key steps in wavelet-based steganography include:
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1. Decomposition: Apply a 2-D wavelet transform to the cover image,
separating it into approximation and detail subbands.

2. Embedding: Modify selected wavelet coefficients (often in the detail
subbands) to encode the secret message.

3. Reconstruction: Perform the inverse wavelet transform to generate
the stego-image, which appears nearly identical to the original.

4. Extraction: The recipient applies the same wavelet transform to
retrieve and decode the hidden data.

Benefits:

• Robustness: The hidden message can survive common image
manipulations such as compression or noise addition.

• Imperceptibility: Changes are distributed across multiple scales,
minimizing visible artifacts.

• Scalability: Different levels of wavelet decomposition can be used to
balance capacity and security.

1.6 Wavelet Transform vs. Fourier Transform

While both the Fourier transform and wavelet transform are powerful tools
for signal analysis, they differ fundamentally in how they represent signals.

1.6.1 Fourier Transform (FT)

The Fourier transform decomposes a signal into sine and cosine waves of
different frequencies. It provides excellent frequency resolution but lacks
time resolution—we know what frequencies are present but not when they
occur. This makes FT ideal for analyzing stationary signals (signals whose
frequency content does not change over time).

Key Properties:
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Figure 1.5: Fundamental concepts of the Fourier transform (FT), showing
how a time-domain signal can be decomposed into a sum of
sinusoidal components, thereby providing its frequency-domain
representation.

• Global Analysis: Represents the entire signal as a sum of sinusoidal
components.

• Frequency Domain: Provides precise frequency information.

• Limitation: Poor time localization—cannot identify when specific
frequency events occur.

1.6.2 Short-Time Fourier Transform (STFT)

The Short-Time Fourier Transform is an extension of the Fourier transform
that analyzes localized sections of a signal over time using a sliding window,
offering limited time-frequency resolution.

Figure 1.6: Illustration of the Short-Time Fourier Transform (STFT), high-
lighting time-localization by dividing the signal into short over-
lapping windows and analyzing each segment independently.
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• STFT addresses the time-localization issue by dividing the signal into
short segments (windows) and analyzing each segment separately.

• It provides some information about when and where different frequency
components occur.

• However, the fundamental problem lies in choosing the window size:
• A narrow window provides good time resolution but poor frequency

resolution.
• A wide window gives good frequency resolution but poor time resolution.
• As a result, STFT suffers from poor localization in both time and

frequency.

1.6.3 Wavelet Transform (WT)

The wavelet transform, by contrast, decomposes a signal using localized
waveforms (wavelets) that can be scaled and shifted. This provides both time
and frequency information, allowing us to see what frequencies are present
and when they occur. WT is particularly effective for non-stationary signals
where frequency content varies with time.

Figure 1.7: Illustration of the wavelet transform (WT), showing how a signal
is decomposed into components at multiple scales/index{wavelet
theory!multiple scales} to capture both time and frequency in-
formation, with Scale (or Dilation) parameters 𝑎 controlling the
wavelet width and Shift (or Translation) parameter 𝑏 determining
its time position.

The wavelet transform, also known as Wavelet Analysis, offers a modern
alternative to the traditional Fourier Transform, especially for analyzing
non-stationary signals.

At its core, wavelet analysis relies on two fundamental building blocks: the
Mother Wavelet and the Father Wavelet.
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• The Mother Wavelet (Wavelet function) captures the detail coeffi-
cients or high-frequency components of a signal of a signal.

• The Father Wavelet (Scaling function) represents the approxima-
tion coefficients or low-frequency components.

When analyzing a signal, the wavelet is modified by two parameters:

Two Basic Factors:

• Scale (or Dilation) parameter 𝑎: Controls how the wavelet is
stretched or compressed. The relationship between scale 𝑎 and
frequency 𝜔 is inverse.

∘ Small scale 𝑎 � Compressed wavelet � Rapidly changing details �
High frequency 𝜔

∘ Large scale 𝑎 � Stretched wavelet � Slowly changing, coarse features
� Low frequency 𝜔

• Shift (or Location) parameter 𝑏: Controls where the wavelet is
positioned in time (or space) while analyzing the signal.

Figure 1.8: Illustration of the inverse relationship between scale (𝑎) and
frequency (𝜔), showing that larger scales correspond to lower
frequencies and smaller scales correspond to higher frequencies.

The Wavelet Transform uses inner products to measure the similarity
between the signal and scaled/shifted versions of a wavelet. This results
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in a set of wavelet coefficients that represent localized time-frequency
information.

Key Properties:

• Local Analysis: Uses wavelets that are localized in both time and
frequency.

• Multi-resolution: Analyzes signals at different scales, providing both
coarse and fine detail.

• Adaptability: Suitable for transient signals, edges, and abrupt
changes.

1.6.4 Comparison Summary

The Table 1.1 summarizes the key differences between the Fourier trans-
form and the wavelet transform, highlighting their respective strengths and
limitations in various applications.

Table 1.1: Comparison of Wavelet Transform and Fourier Transform.

Aspect
Fourier Transform
(FT)

Wavelet Transform
(WT)

Basis Functions Sine and cosine waves Localized wavelets
Time
Localization

None (global) Excellent (local)

Frequency
Resolution

High Variable (depends on
scale)

Best For Stationary signals Non-stationary signals
Applications Spectral analysis, filtering Denoising, compression,

edge detection
Computational
Cost

FFT: O(N log N) FWT{FWT}: O(N)

• Fourier Transform: Analyzing the frequency spectrum of a pure
tone, studying periodic signals.
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• Wavelet Transform: Detecting transients in seismic data, analyzing
ECG signals, compressing images.

In summary, while the Fourier transform excels in frequency analysis of
stationary signals, the wavelet transform provides superior performance for
non-stationary signals requiring joint time-frequency representation.

1.6.5 Real-World Examples

The following example illustrates a comparison between analysis visualizations
obtained through the Fourier transform and the wavelet transform.

Figure 1.9: Time-domain ECG signal (top) and its corresponding frequency-
domain representation obtained via Fourier Transform (bottom),
showing the dominant frequency components concentrated in the
low-frequency range below 50 Hz.

While both the Fourier transform (FT) and the wavelet transform (WT)
are powerful signal processing techniques for ECG analysis, they offer com-
plementary advantages. The Fourier transform (Figure 1.9) decomposes
the signal into its constituent frequency components, revealing that ECG
signals contain predominantly low-frequency information below 50 Hz, but
it provides no temporal information about when these frequencies occur
during the cardiac cycle. In contrast, the wavelet transform (Figure 1.10)
provides a multiresolution time-frequency representation, simultaneously
preserving both temporal localization and frequency information. This allows
the wavelet approach to capture transient features like QRS complexes and
identify precisely when specific frequency components appear in the sig-
nal. The approximation coefficients retain the overall ECG morphology and
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Figure 1.10: Wavelet decomposition of an ECG signal using the Daubechies
4 (db4) wavelet at three decomposition levels. The top panel
shows the original signal, followed by the approximation co-
efficients (smooth, low-frequency components) at level 3, and
detail coefficients at levels 3, 2, and 1 (capturing progressively
higher-frequency features from coarse to fine resolution).
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low-frequency trends, while the detail coefficients at different levels isolate
high-frequency noise and artifacts at specific time points. This temporal
localization makes wavelets particularly valuable for detecting arrhythmias,
sudden signal changes, and non-stationary features that would be obscured
in the purely frequency-domain representation of the Fourier transform.

1.7 Classifications of Wavelet Transforms

Wavelet transforms can be classified in several ways, each suited to different
types of data and applications. The main classifications are:

1.7.1 1. Based on Continuity

1. Continuous Wavelet Transform (CWT)

The CWT analyzes a signal by computing wavelet coefficients at every possible
scale and position. It provides a highly redundant but detailed representation,
making it ideal for time-frequency analysis and feature detection.

Properties:

• Uses continuous scales and translations.

• Provides a smooth, continuous time-frequency map.

• Highly redundant—many coefficients represent overlapping information.

Applications:

• Transient detection in signals.

• Pattern recognition.

• Detailed time-frequency visualization.
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2. Discrete Wavelet Transform (DWT)

The DWT uses a discrete set of scales and positions (typically powers of 2),
resulting in a non-redundant, efficient representation of the signal. It is the
foundation of most practical wavelet applications, including compression and
denoising.

Properties:

• Uses dyadic scales (2𝑗) and integer translations.

• Decomposes signals into approximation and detail coefficients.

• Efficient and computationally fast.

Applications:

• Image and signal compression.

• Denoising and feature extraction.

• Data analysis and statistical modeling.

1.7.2 2. Based on Dimensionality

Wavelet transforms can also be categorized by the number of dimensions of
the data being analyzed:

1. 1-D Wavelet Transform

The one-dimensional (1-D) wavelet transform is applied to one-dimensional
signals such as time series, audio signals, or stock price data. It decomposes
the signal into approximation and detail components at multiple scales,
enabling multi-scale analysis of temporal patterns.

Applications:

• Time series forecasting.
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• Audio compression and denoising.

• Biomedical signal processing (e.g., ECG, EEG).

2. 2-D Wavelet Transform

The 2-D wavelet transform is primarily used for image processing. It extends
the 1-D transform by applying wavelet decomposition first along rows and
then along columns of an image matrix. This results in four subbands:
approximation, horizontal detail, vertical detail, and diagonal detail. It is
widely used in image compression (e.g., JPEG2000), edge detection, and
texture analysis.

3. N-D Wavelet Transform (𝑛 > 2)

The n-dimensional or multi-dimensional wavelet transform is used to analyze
data in three or more dimensions, such as 3-D medical imaging (e.g., MRI or
CT scans), video sequences, or volumetric data from scientific simulations.
It generalizes the wavelet decomposition to higher-dimensional arrays by
applying the transform along each dimension. This allows for efficient analysis
and compression of complex multi-dimensional data structures.

1.7.3 Other Classifications of Wavelet Transforms

1. Based on Decomposition Levels

Wavelet transforms can also be categorized by how many levels or stages of
decomposition are performed:

• Single-Level (One-Stage) Decomposition: A signal is decomposed
only once into approximation and detail components. This is useful for
simple applications where a coarse analysis is sufficient.

• Multi-Level Decomposition: The approximation component from
each level is further decomposed in a recursive manner. This allows for
a hierarchical, multi-scale representation of the signal or image and is
fundamental to multiresolution analysis. 2. Based on the Type of
Discrete Wavelet Transform (DWT)
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There are several variations of the Discrete Wavelet Transform (DWT), each
offering different characteristics and benefits:

• Discrete Wavelet Transform (DWT): The standard and most
widely used form of the wavelet transform for both 1-D and 2-D sig-
nals. It performs subsampling and provides a compact, non-redundant
representation.

• Dual-Tree Complex Wavelet Transform (DT-CWT): An en-
hanced version of DWT that uses two parallel filter banks to provide
approximate shift invariance and improved directional selectivity, espe-
cially useful in image and video processing.

• Stationary Wavelet Transform (SWT): Also known as the un-
decimated wavelet transform, it avoids downsampling, resulting in a
redundant representation that is translation-invariant—important for
denoising and edge detection.

• Multiresolution Analysis (MRA): A theoretical framework under-
pinning many wavelet-based techniques. It decomposes signals across
multiple scales using nested function spaces, often implemented using
DWT or MODWT.

• Wavelet Packet Transform (WPT): An extension of DWT in which
both approximation and detail coefficients are recursively decomposed.
It offers a richer analysis and is useful for feature extraction and
classification tasks.

• Maximum Overlap Discrete Wavelet Transform (MODWT): A
variant of SWT that corrects for phase shifts and allows for better align-
ment of wavelet coefficients with the original signal. It is particularly
effective in time series analysis.

• Multiresolution Analysis based on MODWT (MODWTMRA):
Applies the MODWT in a multilevel framework to provide a multireso-
lution decomposition of a signal, commonly used in statistical signal
analysis and trend decomposition.
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1.8 Summary

This introductory chapter addressed several fundamental questions to build
a foundational understanding of wavelets and their transformations:

• What are Wavelets? Small, localized wave-like functions used to
represent data at multiple scales and resolutions.

• Why do we use Wavelets? Because they offer both time and
frequency localization, making them ideal for analyzing non-stationary
signals, detecting abrupt changes, compressing data, and denoising.

• How do we use Wavelets? Through the wavelet transform (WT),
which decompose signals into approximation and detail components
using scaling and wavelet functions.

• How does the wavelet transform (WT) differ from the Fourier
transform (FT)? Unlike FT, which only provides frequency infor-
mation, WT provides both time and frequency resolution through
multiresolution analysis.

• How are wavelet transforms (WT) classified? Wavelet transforms
can be classified based on continuity (CWT vs. DWT), dimensional-
ity (1-D, 2-D, n-D), decomposition levels (single vs. multi-level), and
transform types (e.g., DWT, SWT, DT-CWT, MODWT).

1.9 Exercises and Quizzes

1.9.1 Quick Quizzes

1. What is the main difference between the Fourier transform
(FT) and the Wavelet Transform (WT)?

A. Wavelet transform only works on periodic signals

B. Fourier transform has variable time resolution

C. Wavelet transform provides time-frequency localization

D. Fourier transform uses wavelets for basis functions
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2. What is a “Mother Wavelet”?

A. A high-pass filter

B. The original wavelet used to generate other wavelets

C. A type of noise-reducing signal

D. A component of the Fourier basis

1.9.2 Exercises

1. Load a time series (e.g., daily temperatures or stock prices).

2. Plot the original time series.

3. Discuss how wavelet analysis might help you understand the local
behavior of the series.

Answers:

1. C

2. B
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audio processing, 13
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Coefficient manipulation, 183
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wavelet transform
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transform, 25
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transform
algorithm, 45
applications, 23
dyadic resolution, 34
limitations, 361
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DWT partial reconstruction
mathematical expression, 79

DWT reconstruction
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ECG, see electrocardiogram
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edge detection, 19, 44, 146, 168,

361
2-D, 24
Haar wavelet, 44
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energy normalization, 32
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boundary effects, 144
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applications, 13
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fast wavelet transform, 73
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fault detection, 13
feature detection, 22
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filter bank, 35
filter bank theory, 30
filter banks, 25, 29, 55, 73
filter coefficients, 36
filter design, 9
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finite energy, 10
Fourier transform, 9
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comparison, 15
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frequency band, 75
frequency bands, 14
frequency content, 12
frequency domain, 16, 34
frequency localization, 214
frequency partitioning, 363
frequency resolution, 10, 42, 44

Fourier, 15
frequency spectrum, 19
full reconstruction
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fully separable complexity, 202
fully separable decomposition,
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fully separable n-D DWT, 175
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Gaussian wavelet, 45, 50
geophysical signals, 34
global analysis, 16

H
Haar wavelet, 10, 74

Haar, 44, 50
harmonic analysis, 43
HH subband, 152, 155
hierarchical decomposition, 24
hierarchical tree structure, 365
high-frequency

detail components, 30
high-frequency components, see

detail coefficients
high-frequency variations, 75
high-pass filter, 30, 35, 75

2-D DWT, 153
detail extraction, 35

HL subband, 152, 155
horizontal analysis, 156
horizontal detail, 24
horizontal detail function, 153
horizontal details, 155
hyperspectral cube, 363
hyperspectral imaging, 173

I
IDWT, see inverse discrete

wavelet transform, see
inverse discrete wavelet
transform

image compression, 12, 168
applications, 13
JPEG2000, 44

image matrix, 24
image processing, 24, 29, 367
image structure, 156
inverse discrete wavelet transform,
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inverse DWT, see inverse discrete

wavelet transform
inverse wavelet transform, 15

J
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compression, JPEG2000,
319

L
length mismatch, 138
length reduction, 211
LH subband, 152, 155
LL subband, 155
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local analysis, 19
localization

temporal, 43
location parameter, see translation

parameter
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low-frequency

approximation components,
30

low-frequency components, see
approximation
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low-frequency trends, 75
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approximation extraction,
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Mallat-style complexity, 202
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Wavelet Transform, 216
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transform, 25
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Meyer wavelet, 10, 50
Meyer, Yves, 29
MODWT, see maximum overlap

discrete wavelet
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moment
vanishing, 45

morl, see Morlet wavelet, Morlet
Morlet wavelet, 10, 44, 50
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mother wavelet, see wavelet

function, 31
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MRA, see multiresolution
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multi-dimensional data, 151
multi-dimensional signals, 172
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transform, see
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multi-dimensional wavelets, 151
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multi-level decomposition, 24,
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advanced applications, 354
approximation coefficients
1D, 323
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DWT
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PyWavelets, 344
PyWavelets
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multiresolution filtering, 76
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example implementations,
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n-D wavelet transform, see
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transform
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applications, 200
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Parseval’s theorem, 139
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perfect reconstruction, 30, 78,
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Python, 9

Anaconda, 4
Jupyter Lab, 3
Jupyter Notebook, 3
matplotlib, 48
NumPy, 48
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PyWavelets, see
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reconstruction filters, 30
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security, 13
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signal analysis, 15, 29
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signal denoising, 47, 145
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signal processing, 9, 29
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reconstruction

illustration, 82
process, 80

sinusoidal components, 16
smoothness, 41
SNR, 186
soft-thresholding, 284
sparse decomposition, 32
sparse representation, 12
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speech analysis, 34
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square-integrable functions, 34
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Stationary wavelet transform
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stationary wavelet transform, 25,
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multilevel process, 218
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N-D decomposition, 291
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N-D implementation, 291
N-D reconstruction, 292
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reconstruction, 240
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3-D medical imaging, 173
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time variable, 32
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trend decomposition, 25
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video processing, 173
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wavelet
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process, 75
wavelet denoising, 65
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wavelet filter, 77
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45, 55, 78, 322
wavelet package transform
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wavelet reconstruction, 64, 75
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wavelet transform, 9, 17, 73

characteristics, 17
classification, 26
comparison, 15
definition, 12

wavelet transform application
ECG analysis, 20

wavelets
advantages, 26
definition, 26
usage, 26

wavelets vs Fourier, 26
waverec, 73
WPD, see wavelet packet

decomposition
WPT, see wavelet packet

transform, see wavelet
packet transforms

Z
zero of order, 41

438




	Preface
	Acknowledgments
	Lists of Symbols
	Setup Python Environment
	1. Install uv
	2. Create and activate a virtual environment
	3. Install dependencies
	4. Launch Jupyter Lab
	1. Install Anaconda
	2. Create a new environment
	3. Install dependencies
	4. Launch Jupyter Notebook

	Foundations of Wavelet Theory and Computational Frameworks
	Introduction to Wavelets
	Overview
	What Are Wavelets?
	What is a Wavelet Transform?
	Why Use Wavelet Transforms?
	Applications of Wavelet Transforms
	Wavelet Transform vs. Fourier Transform
	Fourier Transform (FT)
	Short-Time Fourier Transform (STFT)
	Wavelet Transform (WT)
	Comparison Summary
	Real-World Examples

	Classifications of Wavelet Transforms
	1. Based on Continuity
	2. Based on Dimensionality
	Other Classifications of Wavelet Transforms

	Summary
	Exercises and Quizzes
	Quick Quizzes
	Exercises


	Mathematical Foundations of Wavelets
	Overview
	Wavelet Components
	Discrete Wavelet Transform (DWT)
	Continuous Wavelet Transform (CWT)
	Comparison of DWT and CWT

	Multi-Resolution Analysis (MRA)
	Filter Banks
	Discrete Wavelet Transform (DWT)
	Orthogonal vs Biorthogonal Wavelets
	Vanishing Moments
	Definition
	Intuition
	Vanishing Moments of the Scaling Function
	Role in DWT and CWT
	Example
	Filter Bank Interpretation
	Practical Considerations

	Time–Frequency Localization
	Uncertainty Principle for Wavelets
	Support vs. Bandwidth Trade-off
	Practical Implications

	Wavelet Families Overview
	Summary
	Exercises and Quizzes
	Quick Quizzes
	Exercises


	Introduction to PyWavelets
	Overview
	What is PyWavelets?
	Installing PyWavelets
	Available Wavelet Families
	Inspecting Wavelet Properties
	Discrect Wavelet Properties
	Continuous Wavelet Properties

	Approximations of Wavelet and Scaling Functions
	Discrete Wavelet and Scaling Functions
	Visualize the the functions
	Biorthogonal Wavelets
	Continuous Wavelet Functions

	Basic 1-D Wavelet Decomposition
	Multilevel Decomposition and Reconstruction
	Signal Denoising
	Summary
	Exercises and Quizzes
	Quick Quizzes
	Exercises



	Core Techniques and Implementations
	One-Dimensional Discrete Wavelet Transform
	Overview
	Discrete Wavelet Transform
	Basic Theory and Concepts
	Mathematical Expression

	Process of Single-level DWT
	Single-level Decomposition
	Single-level Reconstruction
	Single-level Partial Reconstruction
	PyWavelets Implementations

	Process of Multi-level DWT
	Multi-level Decomposition
	Multi-Level Reconstruction
	Multi-level Partial Reconstruction
	Implementations in PyWavelets
	Multi-level Reconstruction
	Multi-level Partial Reconstruction
	Reconstructing Signal from Approximation and Details

	Choosing the Right Wavelet
	Based on Wavelet Characteristics
	Based on Application Domains
	Based on Visual Comparison
	Reconstruction Error Comparison Across Wavelets

	Signal Extension Modes
	Extension Modes Matter
	Extension Modes in PyWavelets
	Inspect the Extended Signal
	Default Mode in PyWavelets
	Handling Border Effects

	Maximum Decomposition Level
	Manual Calculation
	Using PyWavelets' Built-in Function

	Signal Length Considerations
	Even-Length Signals/index{even-length signals}
	Odd-Length Signals/index{odd-length signals}
	Visual Illustration
	Handling Length Mismatch

	Energy Analysis and Parseval's Theorem
	Theoretical Justification
	Visualize Energy Value and Distribution

	Perfect Reconstruction Conditions
	Applications of 1-D DWT
	Practical Applications**
	Example: Denoising a noisy signal by zeroing small details.

	Summary
	Exercises and Quizzes
	Quick Quizzes
	Exercises


	Two-Dimensional Discrete Wavelet Transform
	Overview
	Mathematical Foundations
	How 2-D Wavelets Extend 1-D Wavelets
	Separable Filtering (Rows then Columns)
	2-D DWT Decomposition Scheme

	2-D Filter Banks and Subbands
	LL Subband (Approximation)
	LH Subband (Horizontal Details)
	HL Subband (Vertical Details)
	HH Subband (Diagonal Details)
	Interpretation of Directional Information

	Multi-level Decomposition in 2-D
	Recursive Decomposition of LL Subband
	Pyramid Representation

	Signal Extension Modes in 2-D
	Boundary Handling for Images

	PyWavelets Implementation
	2-D Wavelet Functions
	dwt2 / idwt2 Functions
	wavedec2 / waverec2 Functions

	Visualization Examples
	Decomposition Diagrams
	Reconstructed Subbands

	Comparison with 1-D
	Increased Complexity
	Directional Information

	Applications and Advanced Topics
	Summary
	Exercises and Quizzes
	Exercises
	Quick Quizzes


	N-Dimensional Discrete Wavelet Transform
	Overview
	Concepts and Theory
	N-Dimensional Extensions
	Separability Assumption
	Mallat-style n-D DWT
	Fully Separable n-D DWT
	Border Effects and Padding

	PyWavelets Impletementations
	Mallat-style n-D Transforms
	Multilevel Fully Separable Transform

	Workflow for n-D Wavelet Transforms
	Step 1. Data Preparation and Validation
	Step 2. Wavelet Selection
	Step 3. Scheme Selection
	Step 4. Parameter Optimization
	Step 5. Decomposition and Analysis
	Step 6. Coefficient Processing
	Step 7. Reconstruction and Validation

	Example Implementations
	Basic Implementation
	Advanced Coefficient Manipulation
	Real n-D Data Example

	Applications of n-D Wavelet Transforms
	Medical Imaging
	Remote Sensing and Hyperspectral Imaging
	Scientific Computing and Data Analysis
	Video and Temporal Data Processing
	Key Advantages of n-D Wavelet Approaches

	Performance Considerations and Optimization
	Computational Complexity
	Optimization Strategies

	Summary
	Exercises and Quizzes
	Exercises
	Quick Quizzes



	Multiresolution and Extended Discrete Wavelet Methods
	Stationary Wavelet Transform
	Overview
	Decimated vs. Undecimated Wavelet Transforms
	Decimated Wavelet Transform (DWT)
	Undecimated Wavelet Transform (UWT)
	Summary Table

	Stationary Wavelet Transform (SWT)
	Key Properties
	Mathematical Foundation

	Multilevel Stationary Wavelet Transform Process
	Signal Decomposition
	Filter Banks with Upsampling
	Recursive Filtering (Multilevel Decomposition)
	Wavelet Selection
	Signal Reconstruction (Inverse SWT)
	SWT Decomposition and Reconstruction Tree

	SWT Implementations in PyWavelets
	SWT Functions
	Maximum Decomposition Level
	Energy Preservation
	Signal Padding Strategy for SWT
	1-D SWT Reconstruction
	Practical 1-D Multilevel SWT Workflow

	2-D Stationary Wavelet Transform
	2-D SWT Mathematical Foundation
	2-D SWT Implementation in PyWavelets
	Comprehensive Demonstration of 2-D SWT
	Advanced 2-D SWT Applications

	N-Dimensional Stationary Wavelet Transform
	7.7.1 N-D SWT Mathematical Foundation
	N-D SWT Implementation
	Comprehensive demonstration of N-D SWT

	Summary
	Exercises and Quizzes
	Programming Exercises
	Quick Quizzes


	Multiresolution Analysis
	8.1 Overview
	8.2 Mathematical Foundations
	8.2.1 Multiresolution Spaces
	Wavelet Spaces and Orthogonal Complements
	Scaling and Wavelet Functions
	Multiresolution Representation
	Scaling and Wavelet Functions
	8.2.4 Multiresolution Representation

	1D Multiresolution Analysis
	Discrete Wavelet Implementation
	1D MRA Transform Flow/index{multiresolution analysis!1D!flow}
	PyWavelets 1D Implementations

	2D Multiresolution Analysis
	Mathematical Framework
	2D Decomposition Equations
	PyWavelets 2D Implementation

	N-D Multiresolution Analysis
	8.5.1 Mathematical Extension
	PyWavelets N-D Implementation

	Advanced Applications
	Performance Analysis
	Computational Complexity

	Best Practices and Implementation Notes
	Summary
	Exercises and Projects
	Theoretical Exercises
	Computational Projects
	Research Challenges


	Wavelet Packet Transform
	Overview
	What is WPT?
	Comparison with Traditional Wavelet Transforms
	WPT Decomposition Strategy
	Tree Structure and Node Organization
	Applications and Advantages

	Mathematical Foundation
	Wavelet Packet Functions
	Wavelet Packet Decomposition
	Complete Binary Tree Structure
	Frequency Partitioning
	Orthogonality Properties
	Reconstruction Formula
	Best Basis Selection
	Adaptive Decomposition
	Computational Complexity
	Applications
	Importance in Higher Dimensions

	PyWavelets WPT Implementations
	Creating Wavelet Packet Structure (1-D)
	Basic WPT Example (1-D)
	Creating Wavelet Packet Structure (2-D)
	Basic WPT Example (2-D)
	Creating Wavelet Packet Structure (N-D)
	Basic WPT Example (ND)
	Navigating the WPT Tree
	Node Properties and Attributes
	Collecting Nodes by Level
	WPT Reconstruction
	Advanced Node Operations

	Complete Implementation Example
	1-D Example
	2-D Example: Image Decomposition and Reconstruction
	N-D Example: 3D Volume Decomposition and Reconstruction

	Summary
	Exercises and Quizzes
	Quiz Questions
	Programming Exercises
	Theoretical Questions



	References
	Index

